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Abstract 

We determine spectral measures for some nimrep graphs arising in subfactor 
theory, particularly those associated with SU (3) modular invariants and subgroups 
of SU{3). Our methods also give an alternative approach to deriving the results of 
Banica and Bisch for ADE graphs and subgroups of SU{2) and explain the connec- 
tion between their results for affine ADE graphs and the Kostant polynomials. We 
also look at the Hilbert generating series of associated pre-projective algebras. 

1 Introduction 

Banica and Bisch [1] studied the spectral measures of bipartite graphs, particularly those 
of norm less than two, the ADE graphs, and those of norm two, their affine versions 
associated with subgroups of SU{2). Here and in a sequel [26j we look at such spectral 
measures in a wider context, particularly from the viewpoint of associating spectral mea- 
sures to nimreps (non- negative integer matrix representations). ADE graphs appear in 
the classification of non- negative integer matrices with norm less than two [33j. Their 
affine version D(^), classify the finite sub groups of SU (2). The ADE graphs are 
also relevant for the classification of subfactors with Jones index less than 4, but only 
A, Deven, Eq, Eg appear as principal graphs (|1HI EHl SSI HI [37] or see [21] and references 
therein). However all appear in the classification of SU{2) modular invariants by Cappelli, 
Itzykson and Zuber [11], and in their realisation by SU{2) braided subfactors [I9 l [571 [8]. 

The Verlinde algebra of SU (n) at level k is represented by a non-degenerately braided 
system of endomorphisms N'^n on a type IIIi factor A^, whose fusion rules {N^^^} re- 
produce exactly those of the positive energy representations of the loop group of SU{n) 
at level k, NxN^ = ^xv^v whose statistics generators S", T obtained from the 
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braided tensor category N'^n match exactly those of the Kac-Peterson modular S, T ma- 
trices which perform the conformal character transformations [56j. This family {Nx} of 
commuting normal matrices can be simultaneously diagonalised: 



Oa,l 



(1) 



where 1 is the trivial representation. The intriguing aspect being that the eigenvalues 
Sa,x/Sa,i and eigenvectors 5*0- = {Sa^fj,}^ are described by the modular S matrix. A braided 
subfactor is an inclusion N d M where the dual canonical endomorphism decomposes 
as a finite combination of elements of the Verlinde algebra, endomorphisms in N'^n- 
Such subfactors yield modular invariants through the procedure of a-induction which 
allows two extensions of A on A^, depending on the use of the braiding or its opposite, 
to endomorphisms of M, so that the matrix Z\^^ = {a^,a~) is a modular invariant 
[3 El ED! • The classification of Cappelli, Itzykson and Zuber of SU{2) modular invariants 
is understood via the action of the A^-A^ sectors N'^n on the M-N sectors m^n and 
produces a nimrep G\G^ = ^xu^u whose spectrum reproduces exactly the diagonal 
part of the modular invariant, i.e. 



with the spectrum of Gx = {5'^,a/5'^,i with multiphcity Zfj^^fj} [8]. Every SU{2) modular 
invariant can be realised by a-induction for a suitable braided subfactor. Evaluating the 
nimrep G at the fundamental representation p, we obtain for each such inclusion a matrix 
Gp which recovers the ADE classification of Cappelli, Itzykson and Zuber. Since these 
ADE graphs can be matched to the affine Dynkin diagrams, the McKay graphs of the 
finite subgroups of SU{2), di Francesco and Zuber |15] were guided to find candidates for 
classifying graphs for SU{3) modular invariants by first considering the McKay graphs of 
the finite subgroups of SU{3) to produce a candidate list of graphs whose spectra described 
the diagonal part of the modular invariant. Ocneanu claimed ^51j that all SU{3) modular 
invariants were realised by subfactors and this was shown in [23]. The nimrep associated 
to the conjugate Moore-Seiberg modular invariant Z (12) was not computed however in 



|23j . To summarize, we can realize all SU{3) modular invariants, but there is mismatch 
between the list of nimreps associated to each modular invariant and the McKay graphs 
of the finite subgroups of SU (3) which are also the nimreps of the representation theory of 
the group. Both of these kinds of nimreps will play a role in this paper and its sequel [26j. 
These nimreps also have a diagonalisation as in ([1]) with diagonalising matrix 5* = {Sij} 
usually non-symmetric, where i labels conjugacy classes, and j the irreducible characters 
(see Section 8.7] and Section Sj). 

We compute here the spectral measures of nimreps of braided subfactors associated to 
SU{2) and SU{3) and nimreps for the representations of subgroups of SU{2). The case of 
subgroups of SU{3) will be treated separately [26]. Suppose A is a unital C*-algebra with 
state ip. If 6 G v4 is a normal operator then there exists a compactly supported probability 
measure /ij, on the spectrum a{h) d <C of 6, uniquely determined by its moments 
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for non-negative integers m, n. If a is self-adjoint ([3]) reduces to 

(^(a™) = / x^dfiaix), (4) 

Ja{a) 

with cr(a) C M, for any non-negative integer m. The generating series of the moments of 
a is the Stieltjes transform a{z) of /i^, given by 

a(2) = J] ip{a"')z"' = Y, x^z^dyia{x) = / -^d/ia(x). (5) 

What we compute are such spectral measures and generating series when h is the normal 
operator A = Gp acting on the Hilbert space of square summable functions on the graph. 

In particular we can understand the spectral measures for the torus T and SU{2) as 
follows. If Wz and wjsi are the self adjoint operators arising from the McKay graph of 
the fusion rules of the representation theory of T and SU{2), then the spectral measures 
in the vacuum state can be describe in terms of semicircular law, on the interval [—2, 2] 
which is the spectrum of either as the image of the map z ^ T z + z~^: 

dnn[{®'M,y) = = viwf) = i£x^^-^=i=dx, 

dim((®^M2)''^^'^) = ^C^f = ^iO = ^£x''Vl^dx, 

where and C^^/ {k+ 1) denote Binomial coefficients and Catalan numbers respectively. 
The spectral weight for SU{2) arises from the Jacobian of a change of variable between 
the interval [—2,2] and the circle. Then for and SU{3), the deltoid D in the complex 
plane which is the image of the two-torus under the map (cui, 102) ^ ui + 0^2^ + uj^^uj^ is 
the spectrum of the corresponding normal operators on the Hilbert spaces of the fusion 
graphs. The corresponding spectral measures are then described by a corresponding 
Jacobian or discriminant as: 

dim (|(®*^M3)^') 



dim(^(®'=M3)^^^'^) = ^{\vn\^'') = krV27 - 18zz + 4z^ + 4z^ - z^z^ dz , 

where dz := dRe^; dimz denotes the Lebesgue measure on C. Then for the other graphs, 
the quantum graphs, the spectral measures distill onto very special subsets of the semicir- 
cle/circle, torus/deltoid and the theory of nimreps allows us to compute these measures 
precisely. For the case of finite subgroups, this nimrep approach clearly shows why Banica 
and Bisch were recovering the Kostant polynomials for finite subgroups of SU{2). 

We are also going to compute various Hilbert series of dimensions associated to ADE 
models. In the SU{2) case this corresponds to the study of the McKay correspondence 
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V27 -I8zz + Az^ + Az^ - ^2^2 
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[53] . Kostant polynomials of ^J, the T-series of pj, and the study of pre-projective 
algebras [T0lll6]. The classical McKay correspondence relates finite subgroups T of SU{2) 
with the algebraic geometry of the quotient Kleinian singularities C^/F but also with the 
classification of SU{2) modular invariants, classification of subfactors of index less than 4, 
and quantum subgroups of SU (2). The corresponding SU{3) theory is related to the AdS- 
CFT correspondence and the Calabi-Yau algebras arising in the geometry of Calabi-Yau 
manifolds. 

We take the superpotentials built on the ADE Perron- Frobenius weights and the AT^S 
cells [501 [22] corresponding associated algebraic structures and study the Hilbert series 
of dimensions of corresponding algebras. If Hn is the matrix of dimensions of paths of 
length n in a graph Q in the pre-projective algebra 11, with indices labeled by the vertices, 
then the matrix Hilbert series H of the pre-projective algebra is defined as H{t) = ^ Hnt"'. 
Let A be the adjacency matrix of Q. Then if ^ is a finite (unoriented) graph which is not 
an ADET graph (where T denotes the tadpole graph Tad„), then H(t) = (1 — At + t^)^^, 
whilst if g is an ADET graph, then H{t) = (1 + Pt'^){l - At + t^)~^, where h is the 
Coxeter number of Q and P is the permutation matrix corresponding to an involution of 
the vertices of Q [16]. 

The dual 11* = Hom(n, C) is a 11-11 bimodule, not usually identified with nFIn or illi 
with trivial right and left actions but with ill,^ with trivial left action and the right action 
twisted by an automorphism, the Nakayama automorphism v. The Nakayama automor- 
phism measures how far away 11 is from being symmetric. In the case of a pre-projective 
algebra of Dynkin quiver, this Nakayama automorphism is identified with an involution 
on the underlying Dynkin diagram. More precisely it is trivial in all cases, except for the 
Dynkin diagrams y4„, D2n+i, E^ where it is the unique non-trivial involution. Bocklandt 
[5] has studied the types of quivers and relations (superpotentials) that appear in graded 
Calabi-Yau algebras of dimension 3. Indeed he also points out that the zero- dimensional 
case consists of semi-simple algebras, i.e. quivers without arrows, the one dimensional 
case consists of direct sums of one-vertex-one-loop quivers. Moreover, a Calabi-Yau alge- 
bra of dimension 2 is the pre-projective algebra of a non-Dynkin quiver. The examples 
coming from finite subgroups of SU (3) give Calabi-Yau algebras of dimension three [5T| 
Theorem 4.4.6]. 

We are not only interested in the fusion graphs of finite subgroups of SU{3), whose 
adjacency matrices have norm 3, but in the fusion AT>S nimrep graphs arising in our 
subfactor setting as describing the SU{3) modular invariants through M-N systems which 
have norm less than 3. The figures for the complete list of the AT>S graphs are given 
in [3, [22] • Unlike for SU{2), there is no precise relation between finite subgroups of 
SU{3) and S'f/(3)-modular invariants. For SU{2) an affine Dynkin diagram describing 
the McKay graph of a finite subgroup gives rise to a Dynkin diagram describing a nimrep 
of a modular invariant by removing one vertex and the edges which have this vertex as 
an endpoint. For SU{3), di Francesco and Zuber [15] used this procedure as a guide to 
find nimreps for some S'[/(3)-modular invariants by removing vertices from some McKay 
graphs of finite subgroups of SU{3). However, not all finite subgroups were utilised, and 
not all nimreps or modular invariants can be found from a finite subgroup. 

The spectral measures for the ADE graphs were computed in terms of probability 
measures on the circle T in [T]. In Section [3] we recover their results via a different 
method, which depends on the fact that the ADE graphs are nimrep graphs. This 
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method can then be generahzed to SU{3), which we do in Section [71 and in particular 
obtain spectral measures for the infinite graphs and A^°°^ corresponding to the 

representation graphs of the fixed point algebra of M3 under the action of and 
SU{3) respectively. We also obtain the spectral measure for the finite graphs A^'^\ A^"^^*, 
n > 4, and k > 2. Finally, in Section [H] we consider the Hilbert series of the 

dimensions of the associated pre-projective algebras. 

The final section depends on the existence of the cells [501 EI] (essentially the square 
roots of the Boltzmann weights) and to some degree on their explicit values computed in 
[22] . The theory of modular invariants constructed from braided subfactors [3 [6l [71 [8] 
also provides us with nimreps associated to SU{3) modular invariants. It was announced 
by Ocneanu [48j and shown in [23j that every SU{3) modular invariant is realised by a 
braided subfactor. 

2 SU{2) Case 

In this section we will compute the spectral measures for the ADE Dynkin diagrams and 
their affine counterparts. We will present a method for computing these spectral measures 
using the fact that the graphs are nimrep graphs. This method recovers the measures 
given in [1] and will allow for an easy generalization to the case of SU (3) and associated 
nimrep graphs. 

A graph is called locally finite if each vertex is the start or endpoint for a finite number 
of edges. Let Q be any locally finite bipartite graph, with a distinguished vertex labelled * 
and bounded adjacency matrix A regarded as an operator on i'^{G^^^), where Q^^^ denotes 
the vertices of Q. Let be the algebra generated by pairs {rji,rj2) of paths from the 

distinguished vertex * such that r{rji) = r{rj2) and \rji\ = \r]2\ = k. Then A{Q) = A{Q)k 
is called the path algebra of Q (see |21j for more details). Let be a state on C*(A). 
From dH), we define the spectral measure of Q to be the probability measure /xa on M 
given by J^ip{x)dfiA{x) = ip{i/j{A)), for any continuous function ^/^ : M — > C, as in [Ij. 

2.1 Spectral measure for ^00,00 

We begin by looking at the fixed point algebra of M2 under the action of the group 
T. Let p be the fundamental representation of SU{2), so that its restriction to T is given 
by 

(p|T)(t) = diag(t,t), (6) 

where t G T. 

Let {XijieN, be the irreducible characters of SU{2), T respectively, where Xo 

is the trivial character of SU{2), xi is the character of p, and (Ji{z) = z'^, i & Z. If a is the 
restriction of Xi to T, we have a = ai + (by IQ), and crcij = + (7j+i, for any i G Z. 
Then the representation graph of T is identified with the doubly infinite graph Aoo,oo, 
illustrated in Figure [H whose vertices are labelled by the integers Z which correspond 
to the irreducible representations of T, where we choose the distinguished vertex to be 

* = 0. The Bratteli diagram for the path algebra of the graph Aoo,oo with initial vertex 

* is given by Pascal's triangle. The dimension of the 0**^ level of the path algebra is 1, 
and we compute the dimensions of the matrix algebras corresponding to minimal central 
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-3-2-10 1 2 3 

Figure 1: Doubly infinite graph 



projections at the other levels according to the rule that for a vertex {v, n) at level n we 
take the sum of the dimensions at level n — 1 corresponding to vertices — 1) for 

which there is an edge in the Bratteli diagram from {v\n — 1) to {v^n). It is well-known 
that these numbers give the binomial coefficients, with the j*^ vertex along level m giving 
C™, and we see that a'" = Yl^=o^J'^rn-2ji where C™ are the binomial coefficients. 

Recall that if {tTj} denote irreducible representations of a group G, and if vr = tt-itti © 
n2TT2 © • • ■ on a full matrix algebra, then the fixed point algebra of the action Ad(7r) is 
isomorphic to M = © M„2 © ■ ■ ■ , and the dimension of M is given by the sum of the 
squares of the Ui. Then we see that (©'^Ma)^ = ©J^q^c^' ^nd ((gj^Ms)^ = A{A^^^). 

Hence <lim{A{Aoo,oo)k) = dim (^(©''M2)'^j = Yl^j=oi'^jY = Cf'- Counting the number 
of pairs of paths in A{Aoo,oo)k which end at a vertex k — 2j of Aoo,oo is the same as the 
dimension of the subalgebra of A{AoQ^oo)k which corresponds to the vertex k — 2j at level 
k of the Bratteli diagram for A{Aoo oo), and hence pj is given by the binomial coefficient 

p, = cl 

We define an operator wz on £^(Z) by wz = s + s where s is the bilateral shift 
on £^(Z). Let Vt be the vector (5j,o)i- Then wz is identified with the adjacency matrix 
^00,00 of Aoo,oo5 where we regard the vector VL as corresponding to the vertex of A^^^, 
and the shifts s, correspond to moving along an edge to the right, left respectively on 
^oo,oo- Then s'^VL corresponds to the vertex k of A^, k E Z, the identity s~^s = ss~^ = 1 
correspond to moving along an edge of Aoo,oo and then back along the reverse edge, 
arriving back at the original vertex we started at. Applying Wz, n > 0, to Q gives a 
vector V = {vi)i(zz in ^^(Aoo,oo), where Vi gives the number of paths of length n from the 
vertex to the vertex i of Aoo,oo- 

The binomial coefficient C^" counts the number of 'balanced' paths of length 2n on 
the integer lattice [16], that is, paths of length 2n starting from the point (0,0) and 
ending at the point {2n, 0) where each edge is a vector equal to a translation of the vectors 
(0,0) ^(1,1) or (0,0)^(1,-1). 

We define a state ip on C*{wz) by (/?( ■ ) = {■ Q,Q). The odd moments are all zero. 
For the even moments we have 



2k 2k 
j=0 j=0 

Suppose the operator A has norm < 2, so that the support of the spectral measure /x 
of A is contained in [—2, 2]. There is a map $ : T ^ [—2, 2] given by 

^{u)=u + u'^, (7) 

for M G T. Then any probability measure e on T produces a probability measure /x on 
[-2,2] by 

ijj{x)dfi{x) = / ip{u + u^^)de{u), 
2 Jt 
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1 2 3 4 n 12 3 4 



Figure 2: Dynkin diagrams An, n = 2,3, ... , and Ac 



for any continuous function ip : [—2, 2] C. 

The operator Aoo,oo has norm 2. Consider the measure e{u) given by de('u) = du, where 
du is the uniform Lebesgue measure on T. Now u'^du = 6m,o, hence jl^^u + vr^y^du = 
for m odd, and 

[{u + u-'f'du = V / u^'^-'^du = Cf = ifiwf), 

for A; > [1], Theorem 2.2]. Now, we can write 

/•I /-i/a 
u + u-^)'^du = / (e^'^*^ + e-2-*«)™d^ = 2 / (e^^*^ + e-2"^^)'"d^. 

T Jo Jo 

If we l et X = e2"g+e-^"^ = 2cos(27r0), then dx/dO = 2m{e'^^'^ -e''^^''') = -47r sin(27r^) = 
— 27rV4 — x'^. Here the square root is always taken to be positive, since sin(27r^) > in 
the range < ^ < 1/2. So 

•1/2 . 1-2 . 

'u + u~^rdu = 2 / (e^"'^ + e~2"^^)"d0 = - / , dx. 



Thus the spectral measure fi^z of "W^z (over [—2, 2]) is given by d/i^^ (^) = (7rV4 — x^) ""^dx. 
Summarizing, we have the identifications 

dim(A(Aoo,oo)fc) = dim ({^'M^y) = Cf = ^{wf) = - f dx. 



2.2 Spectral measure for A 



oo 



We will now consider the fixed point algebra of M2 under the action of SU{2). We 
have XiXi = Xi-i+Xi+i^ for z = 0, 1, 2, ... , where X-i = 0. Then the representation graph 
of SU (2) is identified with the infinite Dynkin diagram A^o of Figure Ej with distinguished 
vertex * = 1. Then ((g)^ Ms)^^^^) ^ A{A^). 

We define an operator on by wjv = / + /*, where I is the unilateral shift to 

the right on and Q by the vector {6i^i)i. Then wn is identified with the adjacency 

matrix Aqo of A^o, where we regard the vector Q as corresponding to the vertex * = 1 of 
Aoo, the creation operator / as an edge to the right on A^o and the annihilation operator 
/* as an edge to the left. For the graph A^o, w^fl = (ui)ieN in ^^(^00), where Vi gives the 
number of paths of length n from the vertex 1 to the vertex i of A^q. 

Let Cn be the n*^ Catalan number which counts the number of Catalan (or Dyck) 
paths of length 2n in the sublattice L of given by all points with non-negative co- 
ordinates. A Catalan path begins at the point (0,0) and must end at the point (2n, 0), 
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and is constructed from edges which are translations of the vectors (0,0) (1? 1) or 
(0, 0) (1, —1). The Catalan numbers are given explicitly by = C^'' /{k + 1). 

We define a state (p on C*{wiy) hj {p{-) = ( ■ fi). Once again, the odd moments are 
all zero. For the even moments we have ip{wj^) = c^, since the sequences in /, /* which 
contribute to the calculation of (p{wj^) can be identified with the Catalan paths of length 
2k. By [38| Aside 5.1.1], the dimension of the k^^ level of the path algebra for the infinite 
graph Aoo is given by dim{A{Aoo)k) = Ck- A connection with Catalan paths was also 
shown in [381 Aside 4.1.4], since any ordered reduced word in the Temperley-Lieb algebra 
alg(l, ei, . . . , Cfc-i) is of the form 

{ej,ej,_i ■ ■ ■ eij{ej^ej,_i ■ ■ ■ e^J ■ ■ ■ {cj^ej^-i ■ ■ ■ e;J, 

where jp is the maximum index, ji > li, i = l,...,p , and jj+i > ji, k^i > i = 
1, . . . ,p — 1 . In the generic case, when the Temperley-Lieb parameter 6 >2, these words 
are linearly independent. Such an ordered reduced word corresponds to an increasing path 
on the integer lattice from (0, 0) to {k, k) which does not go below the diagonal. Rotating 
any such path on the lattice by tt/A, we obtain a path of length 2k corresponding to a 
Catalan path. For 6 < 2, the ordered reduced words are linearly dependent, and we only 
have dim(A(y4oo)fc) < Cfc. 

A self-adjoint bounded operator a is called a semi-circular element with mean k G M 
and variance r^/4 if its moments equal those of the semi-circular distribution centered at 
K and of radius r > 0, i.e. a has the probability measure fia on [k, — r, k, + r] given by 

dfXait) = -^^/r^~{x-Kydx. (8) 

When K = 0, r = 2, this is equivalent to a being an even variable with even moments 
given by the Catalan numbers: 




if m = 2k, 
if m odd. 



Thus the operator wn above is a semi-circular element. We will reproduce a proof that 
the probability measure fiwpf on [—2,2] is given by d/i^^(x) = (27r)~^-\/4 — x'^dx in the 
next section. This is the spectral measure for A^o given in [55j. 
Summarizing, we have the identifications 

dim(A(Aoo),) = dim((®^M2)''''^'^) = c, = j^Cl'' 

1 /•2 

= (p{w]^) = — / x^^V4 - x^ dx. 
27r J_2 

3 Spectral measures for the ADE Dynkin diagrams 
via nimreps 

Let Ag be the adjacency matrix of the finite (possibly affine) Dynkin diagram Q with 
s vertices. The m^^ moment J x™d/i(x) is given by (Ag'ei,ei), where ei is the basis 
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vector in i^{Q) corresponding to the distinguished vertex * oiQ. Note that we can in fact 
define many spectral measures for Q by {Ag'ej, ej), where the basis vector ej in ^^(^) now 
corresponds to any fixed vertex j oi Q. 

Let [3^ be the eigenvalues of with corresponding eigenvectors a;-', j = 1, . . . , s. 
Now Ag = UAgU*, where Ag = diag(/?^, /?^, . . . , is a diagonal matrix and U = 
x^, . . . , x^). Then = WA^W*, so that 

[ tP{u + u-^)deiu) = (WA^W*ei,ei) = (A^^W^d, W*ei) 

s 

= Y.(f^T\y^\^ (9) 

where i/i = x\ is the first entry of the eigenvector x\ 

For a Dynkin diagram Q with Coxeter number h, its eigenvalues A-' are given by 

= 2cos{7Tmj/h), (10) 

with corresponding eigenvectors {ipT^)aei3{g), for the exponents rrij of Q, j = l,...,s. 
Then by ([2]), equation Qj becomes 



/ 



^l:{u + u-')de{u) = 5^(A^^)'"|C^f , (11) 



where * is the distinguished vertex of Q with lowest Perron- Frobenius weight. Using fill I) 
we can obtain the results for the spectral measures of the Dynkin diagrams given in [1|. 
The advantage of this method is that it can be extended to the case of SU (3) AVS graphs, 
which we will do in Section [TJ and also to subgroups of SU{3), which we will do in the 
sequel 



3.1 Dynkin diagrams An, A^o 

The eigenvalues A{ of An are given by ffTOl) with corresponding eigenvectors ipl = Saj = 
^y2/{n + 1) sin(ja7r/(n+l)), where the exponents are rrij = 1, 2, . . . , n. The distinguished 
vertex * of An is the vertex 1 in Figure[2l With u = e'^*/("+^), we have 2 cos(j7r/ (n+ 1)) = 
+ and sin(j7r/(n + 1)) = Im(M''). Note that Im(M-') = for j = 0,n + 1. Then 

/,(. + „-,d.M ^ -^|:(2cos(-^))"'.„^(-^) (12, 

-^(M^+M-^rim(M^y 



„ 2{n+l) 



2(n . 



2 I {u\u-^T Im(M)M„+iU 



(13) 



9 



Figure 3: Dynkin diagrams Dn, n = 4, 5, . . . , and 



where d„+i is the uniform measure on the 2{n + roots of unity. Thus the spectral 
measure (over T) for An is d6{u) = 2Im(M)^ dn+iu. This is the result given in [ll Theorem 



We again consider the infinite graph A^o, and note that the computation of the m^^ 
moment is a finite problem, J x'^d/i^^^ (x) = (A™^ei, ei), for m < 2n. Taking the limit in 
([T^ as n ^ cxD (cf. the second proof of Theorem 1.1.5 in [Mj), we obtain a sum which is 
the approximation of an integral, 



so that dnwj^{x) = {2tc) ^^/A — x'^dx, and the operator wn is a semi-circular element. 
Alternatively, if we take the limit as n ^ oo in (fT3|) . we obtain 



where du is the uniform measure over T, as claimed in the previous section. 
3.2 Dynkin diagrams 

For finite n, the distinguished vertex of the graph Dn is the vertex n in Figure [31 The 
exponents Exp of Dn are 1, 3, 5, . . . , 2n — 3, n — 1. For n = 21, the exponent 21 — 1 has 
multiplicity two, and we denote these exponents by (2/ — 1, ±). The eigenvectors of D21 
are given by [3| (B.6)] as: 



tpi = y/2S2l+l^a,j, i){=i)i = -^S2l-l,j, ^'^^ = S2l+l~a,2l-l, 

i^S-:''^^ = \ (52.-1,2.-1 ± (1 - 26) v/Fiy^) , 

where e = 0, 1, a 7^ 1, 2 and j G Exp, j ^ 21 - 1. Using and with u = e''*/^^'-^), 



3.1] 




[ tp{u + u-^)d6{u) = 2 [{u + u-^)"" lm{ufdu, 





J2 (2cos(j7r/(4/-2)))™|y25i,,f + 2(2cos(j7r/(4/-2)))™|5: 



jj^2l-l 




jeExp 
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4 

jeExp 



4Z — 2 

j6{l,3,...,8/-5} 

where d'^i_2 is the uniform measure on the {81 — 4)**^ roots of unity of odd order. 
For D21+1, the eigenvectors are given by [SJ (B.8)] as: 



where a 7^ 1, 2 and j G Exp \ {2/}. Then, using flTT]) and with u = e'^*/'-'^'-* , 
I i){u + u-^)de{u) = 2 V(2cos(j7r/4/))'"|^i,jf + 



= 1 5^ (2cos(j7r/4/))-sin2(jvr/4/) 

i6{l,3,...,4«-l} 

= ^ 5^ {u' + u-^rim{u^)^ = 2 [{u + u~Tlm{ufd'^iU. 

J6{l,3,...,8i-1} 

So the spectral measure on T for D„ is given by de{u) = a{u)d'2n-2U, where 

a{u) = 2Im(u)^ (14) 

which recovers the spectral measure given in pj, Theorem 3.2]. 

Taking the limit of the graph D„ as n — > cx) with the vertex n as the distinguished 
vertex, we just obtain the infinite graph A^o- In order to obtain the infinite graph Doo 
we must set the distinguished vertex * of Z)„ to be the vertex 1 in Figure [31 Then using 
(1111) . and taking the limit as n ^ 00, we obtain the spectral measure for Doq. 

3.3 Dynkin diagram Eq 

For Eq the exponents are 1, 4, 5, 7, 8, 11. The eigenvectors for Eq are given in [3^, (B.9)]. 
In particular. 



Then, by (HH), 

f ^P{u + u-')de{u)= J2 |^jf(2cos(j7r/12)r = ^$^Kr(2cos(p7r/12)r, 

where Be = {1,4,5,7,8,11,13,16,17,19,20,23}, and for j > 12 we define i^i by tp{ 
ipf-^. Then with u = e""'/^^, 

11 



Now for any p E Bq, is a 24^^ root of unity, but for p = 4, 8, 16, 20, is also a 
gth j-QQj^ Qf unity. Since iV'iP takes different values for different p, clearly we cannot 
write the above summation as an integral using the uniform measure over 24*"^ roots of 
unity. However, with a as in f[T^ . we have a{u^) = 12\iIj^\'^ — Op, where Op = 1/2 for 
jo = 1, 5, 7, 11, 13, 17, 19, 23 and ap = 3/2 for p = 4, 8, 16, 20. 
By considering Op = a{u^) + 1/2, we can write 



Since is also a 6*^^ root of unity for p = 4, 8, 16, 20, it may be possible to obtain the 
last four terms by considering an integral using the uniform measure on 6'*^ roots of unity. 
First, we consider the integral J{u + M~^)™'(2Im(M)^ + l/2)di2'U, where di2 is the uniform 
measure on the 24**^ roots of unity, to obtain the terms in the summation above, giving 



Jj 

= l{u + u-^r{2\m{uf + i)di2M - 777 5" + 



where the summation is over q G {2, 3, 6, 9, 10, 12, 14, 15, 18, 21, 22, 24}, that is, the inte- 
gers 1 < Q' < 24 such that q ^ B^. For these values of g, we have 02 = ctio = 0,14 = 022 = 1, 
as = ag = ai5 = 021 = 3/2, ag = ais = 5/2, and 012 = 024 = 1/2. Using these values for 
a„, we now isolate the terms involving the 12*^^ roots of unity, giving 



fc = l 

16^ ^ 12^ ' 16^ ' 12^ ' 

16^ ^48^ ^ 16^ ^12^ ' 

16^ ^12^ ^16^ ^48^ ^ 

Now + 2^^'^)™'/12 = J(u + M~-'^)'"d6M. For the remaining terms, we notice that 

ELi(^^^ + yr^^TI% = /(m + M~^)™d4M, giving 

+ u~"'^)d£:(M) 

= /(m + M-^)'"(2Im(M)2 + i)di2n - \ [{u + u^Tdeu - ^ [ {u + u^Td^u 
Jf 2 Jf 2 J J 
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+^{u'' + u~'T + ^(«'° + ^^'°)™ + ^(^^'' + u~^T- 

These last six terms are given by the integral J (■u + M~^)™d3-u/2 over T. Then the spectral 
measure e{u) (over T) for Eq is de = adi2 + (di2 — dg — d4 + d3)/2, which recovers the 
spectral measure given in [H Theorem 6.2]. 

3.4 Dynkin diagrams Ej, Eg 

Definition 3.1 ('/i, Def. 7.1]) A discrete measure supported by roots of unity is called 
cyclotomic if it is a linear combination of measures of type d„, n > 1, and ad„, n > 2. 

Note that since d'„ = 2d2n — d„, all the measures for the A and D diagrams, as well as 
for Eq, have been cyclotomic. However, Banica and Bisch [T] proved that the spectral 
measures for Ej, Eg are not cyclotomic. This can also be seen by our method using ( fTTl) . 

For Ej the exponents are 1, 5, 7, 9, 11, 13, 17. The eigenvectors ipl for Ej are given by 
ipi = \/{Sij X]jgp where S is the S'-matrix for SU{2)iq and P = {1, 9, 17} [3]. Then 

f ^{u + u-')d6{u)= |V^ir(2cos(jvr/18)r = ^ J] Wr(2cos(pvr/18)r, 

where Bj = {1, 5, 7, 9, 11, 13, 17, 19, 23, 25, 27, 29, 31, 35}, and for j > 18 we define tpl by 
= ^f-^ Then with u = e^^/l^ 

[ ^{u + u~^)de{u) = ISl^'^WuP + u-^r. (15) 

Now for any p E B^, is a 36**^ root of unity, but not a root of unity of lower order, 
except for p = 9, 27, in which case is also a 4*^ root of unity. Since {ipll"^ 7^ iV'iP? clearly 
we cannot write the summation in f|T5|) as an integral using the uniform measure over 36**^ 
roots of unity. With a as in ( |T4l) . and = 18|'?/'i P ~ a(u^), we find that ap = 0.4076 for 
p = l, 17, 19, 35, ap = 2.7057 for p = 5, 13, 23, 31, ap = -0.1133 for p = 7, 11, 25, 29, and 
ttp = 4 for p = 9, 27. Since a{u^) — 18|'?/^^p also takes different values for certain p G B7, 
and for any p G -B7, "U^ is a 36**^ root of unity, but not a root of unity of lower order, the 
summation in (ITS!) cannot be written as an integral using the measure adis either. So we 
see that the spectral measure for Ej is not cyclotomic. 

For the exponents are 1, 7, 11, 13, 17, 19, 23, 29. The eigenvectors ipl for Eg 
are given ny ipl = -\/(5'ij ^-^p S'jj), where S is the S'-matrix for SU{2)2s and P = 
{1,11,19,29} [3]. Then 



/ ^P{u + u-')de{u)= J2 I^lf(2cos(j7r/30))'" = -^5^30KP( 



uP + u-P)"^, (16) 



j'eExp peBs 



where u = e'^^/^o^ ^ 7^ 23, 29, 31, 37, 41, 43, 47, 49, 53, 59}, and for j > 

30 we define ipl by ip{ = With ap = 30\ip^\'^ - a(uP), we find that ap = 0.4038 for 
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p= 1, 29, 31, 59, ap = 3.5135 for p= 7, 23, 37, 53, ap = 2.0511 for p = 11, 19, 41, 49, and 
ttp = 4.5316 for p = 13, 17, 43, 47. Now for all p G Bg, is a 60*^^ root of unity, but not 
a root of unity of lower order. By similar considerations as in the case of Ej, we see that 
the summation in flTBl) cannot be written as an integral using the uniform measure dso or 
the measure ttdso either. So we see that the spectral measure for Eg is not cyclotomic. 

However, in |2j, Banica found explicit formulae for the spectral measures of Ej, Eg, 
using the densities aj = Re(l— m^-') = 2Im(M-^)^, for j = 1, 2, 3, where a = ai is the density 
in (fT^ . A further simplification of the measures for these two graphs was obtained by 
considering the discrete measure d^ = (3d3„ — d^)/2, which is the uniform measure on the 
12n*^ roots of unity of order 6k ± 1. The support of the spectral measure over T for Eq, 
E-j, Eg respectively basically coincides with the support of d2, d3, dg respectively, which 
can be easily seen from ffTTj) . 

For i?7, f|T5l) gives that the spectral measure as a discrete weighted measure on the 
3gth Yoois of unity of order 6/c±l, plus the Dirac measure on the points i, — i with weights 
\ipl\'^/2 = 1/6. Now for p G Bj, 

= Sip + Si^pSg^p + Si^pSij^p = ^Sfp + Si^pSg^p 

= ^(2sin2(p7r/18) + sin(p7r/18) sin(9j97r/18)). 




whilst with u = e''*/^^, 

a2(uP) = 2lm{u^Pf = 2 sin2(2p7r/18) = 4 sin2(p7r/18) - 4 sin^(p7r/18) 
Since 3sin(7r/18) — 4 sin^(7r/18) = sin(37r/18) = 1/2, we can write 

sin(7r/18) ' v , , , v , 

where the third root of (—1 + i\/3)/2 takes its value in {e'^| < < 27r/3}. Using this 
expression for sin(7r/18) one can find sin(j7r/18) for all j = 1, . . . , 18. Then it is easy to 
check the identity sin(9p7r/18) = 6 sin(p7r/18) — 8 sin^(p7r/18) for p G Bj, p 9, 27. Then 

\^P\'^ = i(2sin2(p7r/18) + sin(p7r/18)(6sin(p7r/18) -8sin3(p7r/18))) 
9 

= ^(8sin2(p7r/18)-8sin'^(Wl8))) = IMu^), 

and from ffTSl) 



3 JT 3 jx 

Thus the spectral measure e{u) (over T) for Ej is de = (2a2d3 + d'i)/3, which recovers 
the spectral measure for Ei given in [21 Theorem 8.7]. 
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For Eg, f|T6l) gives that the spectral measure as a discrete weighted measure on the 
60*'^ roots of unity of order 6fc ± 1. However we need to remove the contribution given 
by e^'^*^/'^° for p = 5, 25, 35, 55, which are the 12*^ roots of unity of order 6k ± 1. Now for 

X 2 1 2 2 

2^'^'^^ = 2^Sip + Si^pSii^p + Si^pSiQ^p + Si^pS29^p) = Sip + Si^pSu^p 

= — (sin2(p7r/30) + sin(p7r/30) sin(llp7r/30)), 
15 

whilst with u = e'^*/^°, 

ai{uP) + asiu") = 2lm{uP)^ + 2lm{u^Py = 2(sin2(p7r/30) + sin2(llp7r/30). 
Now 3sin(7r/30) — 4sin^(7r/30) = sin(37r/30) = (—1 + -\/5)/4, so we can solve this cubic 



in sin(7r/30) to write sin(7r/30) = (—1 — + \/Qy 5 — v^)/8. Using this expression 
for sin(7r/30) one can find sin(j7r/30) for all j = 1, . . . , 30. Then it is easy to check the 
identity sin^(3p7r/30) = sin(p7r/30) sin(llp7r/30) for p G -Bg- Then 

= ^{sm\pn/30) + sin2(3p7r/30)) = + «3(«^)). 



For p = 5, 25, 35, 55, ai{uP) + asiu^) = 5/2. Then from 

= ^ / i^{u + u~^){ai{u) + a3{u))d'!,u- ^ / 4j{u + u~^){ai{u) + a3{u))d'lu 

O Jf lO Jf 

= ^ / + u-^){ai{u) + a3{u))d'^u - ^ / ^(m + M-^)d>. 

Thus the spectral measure e{u) (over T) for Eg is de = {2{ai + a3)d'^ — d'D/S, which 
recovers the spectral measure for Eg given in j2J, Theorem 8.7]. 

4 Spectral measures for the finite subgroups of SU (2) 

The McKay correspondence [17] associates to every finite subgroup F of SU (2) an affine 
Dynkin diagram Q-p given by the fusion graph of the fundamental representation p acting 
on the irreducible representations of F. These affine Dynkin diagrams are illustrated in 
Figure HI where * denotes the identity representation. Hence there is associated to each 
finite subgroup of SU (2) the corresponding (non-affine) ADE Dynkin diagram Q, which 
is obtained from the affine diagram by deleting the vertex * and all edges attached to it. 
This correspondence is shown in the following table. The second column indicates the 
type of the associated modular invariant. 
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2n-l ln-1 n+1 




i(i) 



1(1) 



8T 

* 1 2 3 4 5 6 7 
Figure 4: Affine Dynkin diagrams D^^^, Eq^\ Ej^^ and Eg 



Dynkin Diagram Q 


Type 


Subgroup r C SU{2) 


|r| 


Ai 


I 


cyclic, Zi+i 


/ + i 




I 


binary dihedral, BD2k = Q2k-2 


8A;-8 


D2k+1 


II 


binary dihedral, BD2k+i = Q2k-i 


8k -A 


Ee 


I 


binary tetrahedral, BT = BA4 


24 


Er 


II 


binary octahedral, BO = BS4 


48 


Es 


I 


binary icosahedral, BI = BA^ 


120 



It was shown in [Hj that for any finite group F the S'-matrix, which simultaneously 
diagonalizes the representations of F, can be written in terms of the characters Xj{^i) 
of F evaluated on the conjugacy classes Fj of F, Sij = ^J\T j\xi{X j) / \/W\- Let Np be 
the fundamental representation matrix of the fusion rules of the irreducible characters of 
F. Then by the Verlinde formula ([T]), the eigenvalues of Np are given by ratios of the 
S'-matrix, cr{Np) = {Spj/ Spfi\j = 1, . . . ,p}, where p is the number of conjugacy classes 
and p is the fundamental representation of G. Now 

since XpO^o) = 1- Then any eigenvalue of F can be written in the form Xpio) = Tr(p((7)), 
where g is any element of F^. 

The elements i/i in ([9]) are then given by i/i = Sqj = ^y\Tj\xo(^j) / \/W\ = A/|Fj|/ 
Then the m*^ moment is given by 

= f x-'df^ix) = J^T^Xpir.r- (17) 
J j=l I I 
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Xp(r,)e[-2,2] 



a\ j = l,...,n-3 



n-2 



ra 
n-2 



—I 



3(n-2) 
4(n-2) 



e e [0, 1] 



2(n-2) 



2(n-2) 



n-2 
4(ra-2) 



Table 1: Character table for BDn- Here ^ = e 



Tvi/{n-2) 



We define an inverse $ ^ : [—2, 2] ^ T of the map $ given in (JTj) by 

$-i(a;) = (x + zV4-a;2)/2, 
for X G [—2, 2]. Then the spectral measure of F (over T) is given by 



(18) 



|i I 

The generating series of the moments G{q) = X]m=o^™^'" ~ Ir^^ ~ (iu)~^de{u), is 



oo n |-p I n I I 



m=0 j: 



^ |r| i-gxp(r,)- 



(20) 



4.1 Cyclic Group 

Suppose r is the cyclic subgroup of SU{2), which has McKay graph A'^^. Then 
|r| = 2n, and each element of the group is a separate conjugacy class. Now Xp(Xj) = 
+ u^^ E [—2, 2], where u = e'^*/", for each j = 1, . . . , 2n. Then by ([1] 



'U + U-^r dnU 



Hence the spectral measure for A'^^ (over T) is de{u) = dnU, as in P, Theorem 2.1]. 
4.2 Binary Dihedral Group BDn 

Let r be the binary dihedral group BDn = (a, r|r^ = a" = (rcr)^), which has McKay 
graph Dn\ Then |r| = A{n — 2). The character table for BD^ is given in Tabled! Let 



?/'(u + u ^)de{u) 



n— 3 



A{n - 2) 

n-2 
^4(n-2) 



1 - r, 

f/(n-2) + 5^ 



4(n - 2) 



^ 4(n - 2) 



U{j) + U{2n-2-j) 



V — 2 

U{{n-2)/2) + ^^-—^U{3{n-2)/2) 
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1 


-1 


T 


/i 








|r,l 


1 


1 


6 


4 


4 


4 


4 


Xp(r,)G[-2,2] 


2 


-2 





1 


-1 


-1 


1 




1 


-1 


i 


g7rj/3 


g27rj/3 


g27ri/3 


g7ri/3 


e [0, 1] 





1 

2 


1 

4 


1 

6 


1 

3 


2 
3 


5 
6 



Table 2: Character table for the binary tetrahedral group BT. 



2n—3 -. ^ 
= (ffl + + - + + (^3{n-2)/2 ^ ~-3{n-2)/2)n^^ 

= I [iu + U-'r dn-2U + ] [iu + U-'r + '^-), 

2 Jt 4 

where (5a; is the Dirac measure at G T. Then the spectral measure for D^n^ (over T) is 
as given in [1, Theorem 4.1]: 

1 1 1 1 , 

4.3 Binary Tetrahedral Group BT 

Let r be the binary tetrahedral group BT, which has McKay graph It has order 24, 
and is generated by BD^^ = {a, r) and /i: 



where £ = e^'^*/®. The orders of the group elements cr, r, are 4, 4, 6 respectively. The 
character table for BT is given in Table [2j Let u = e^'^*/^^ and U{j) = {u^ + u~^)™'. Then 
by (|T71) . the integral Jj.ip{u + u~^)de{u) is equal to 

(0) + ic/(6) + i^C/(3) + lc/(2) + ±1/(4) + ±17(8) + ±C7(10). 

For the 6*^ roots of unity we have a{e^^''^)-l/2 = -1/2, p= 0,6, and a(e*'^^/^)-l/2 = 1, 
p = 2, 4, 8, 10, where a is given in (fT^ . Then since f7(3) = t/ (9): 

ij{u + u-^)de{u) = ^(f/(0) + t/(3) + f/(6) + f/(9)) 

+^(-2f/(0) + 4f/(2) + 4f/(2) - 2f/(6) + 4f/(8) + 4f/(10)) 

i=o j=o 
= I [{u + u-^rd2U+ [ {u + u-'r {a{u) - Ddsu. 





1 


-1 






T 


K 


TK, 




|r,l 


1 


1 


8 


8 


6 


6 


12 


6 


Xp(r,)G[-2,2] 


2 


-2 


1 


-1 












^2.ie ^ $-i(;^^(r^.)) e T 


1 


-1 


g7ri/3 


g2iTi/3 


i 


g7ri/4 


i 


g37ri/4 


9 e [0, 1] 





1 

2 


1 

6 


1 

3 


1 

4 


1 
8 


1 

4 


3 

8 



Table 3: Character table for the binary octahedral group BO. 



Hence the spectral measure for E^^^ (over T) is de = {a — l/2)d3 + d2/2, as given in [H 
Theorem 6.1]. 

4.4 Binary Octahedral Group BO 

Let r be the binary octahedral group BO, which has McKay graph Ej^\ It has order 48 
and is generated by the binary tetrahedral group BT and the element k of order 8 given 

by 

' e \ 
' 



T 



where again e = e^'^'^l^ . Its McKay graph is . The character table for BO is given in 
Table El Let u = e^'^'l'^^ and = (m^' + m"^)™. Then by (HZD 

For the 8*1^ roots of unity we have a^e^^'l^'^) - 1/2 = -1/2, for p = 0, 12, a{eP^^I^'^) - 1/2 = 
1/2, for p = 3, 9, 15, 21, and a{eP^''l^'^) - 1/2 = 3/2, for p = 6, 18, where a is given in ffTij). 
Then since U [j] = U (24 — j), j = 1, . . . , 12, we have 

'ijj{u + ■u~"'^)d£:(M) 

^(t/(0) + f/(4) + f/(8) + f/(12) + f/(16) + f/(20)) + ^ ( - 3f/(0) + 3f/(3) 
+9f/(6) + 3?7(9) - 3f/(12) + 3f/(15) + 9f/(18) + 3f/(21) 

j=o i=o 



T 



1 /(m + M-^)™ dsM + /(m + M-')'" {a{u) - i)d4M. 

2 JT Jt 



2 _ 

Hence the spectral measure for E^^^ (over T) is de = {a — l/2)d4 + d3/2, as given in [H 
Theorem 6.1]. 
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1 


-1 




^2 


a' 




r 




7 

a T 




1 


1 


12 


12 


12 


12 


30 


20 


20 


Xp(r,)G[-2,2] 


2 


-2 


/^^ 











-1 


1 




1 


-1 


g7ri/5 


g27ri/5 


g37ri/5 


g47ri/5 


i 


g27ri/3 


g7ri/3 


e [0, 1] 





1 

2 


1 

10 


1 

5 


3 
10 


2 

5 


1 

4 


1 

3 


1 
6 



Table 4: Character table for the binary icosahedral group BI. Here //^ = (1 ± v^)/2. 



4.5 Binary Icosahedral Group S/ 

Let r be the binary icosahedral group BI, which has McKay graph eI^\ It has order 
120, and is generated by cr, r: 



where e = e^'^'^l^ . The orders of a, r are 10, 4 respectively. The character table for BI is 
given in Table H Let m = e^^^/^^ and f/(j) = (m-'' + m"^)". By ([E 



/" 1 1 12 12 12 

li,(u + u-)Mu) = IS^'(O) + 1^^(30) + (6) + 1^^(48) + ^C/(18) 

12 30 20 20 

+ i±f/(36) + — [/(15) + — f/(20) + — 1/(10). 
120 ^ ^120 ^ ^120 ^ ^120 ^ ' 

For the 12*^ roots of unity we have a(eP^^/^) -1/2 = -1/2, forp = 0,6, a(eP^^/6)-l/2 = 1, 
for p = 2,4,8,10, aieP""'/^) - 1/2 = 3/2, for p = 3,9, and a(eP^^/6) - 1/2 = 0, for 
p = 1,5, 7, 11, where a is given in f|T4|) . Then since U{j) = U{60 — j), j = 1, . . . , 30, we 
have 

i:{u + u-')de{u) = ^(f/(0) + f/(6) + t/(12) + f/(18) + t/(24) + f/(30) + f/(36) 

+C/(42) + f/(48) + f/(54)) 
+ Y^(-5f/(0) + 10f/(10) + 15f/(15) + 10f/(20) - 5f/(30) 
+10f/(40) + 15f/(45) + 10f/(50)) 

j=0 j=0 

= \ l{u + u-^)"^ d^u + [iu + u-^r Hu) - l)deu. 
2 Jt Ji 

Hence the spectral measure for E^^ (over T) is de = {a — l/2)d6 + d5/2, as given in [H 
Theorem 6.1]. 
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5 Hilbert Series of dimensions of ADE models. 

We now compare various polynomials related to ADE models. 
5.1 T- Series 

We begin first with the T-series of Banica and Bisch [1] . Let Q now be any bipartite graph 
with norm < 2, that is, its adjacency matrix A has norm < 2. These are the subgroups 
of SU{2), with McKay graphs given by the affine Dynkin diagrams, and the modules and 
subgroups of SU{2)k, which have McKay graphs given by the ADE Dynkin diagrams. 

Let A{Q) be the path algebra for Q, with initial vertex the distinguished vertex * 
which has lowest Perron- Frobenius weight. The Hilbert series (also called Poincare series 
in some literature) 

oo 

f{z) = Y,dim{A{g)k)z' (21) 

fc=0 

of Q is the generating function counting the numbers of loops of length 2k on Q, from 
the vertex * to itself, f{z) = YlT=o ^'ikZ^- The Hilbert series / measures the dimension of 
the algebra at level k in the Bratteli diagram. If Q is the principal graph of a subfactor 
C M, the series / measures the dimensions of the higher relative commutants, giving 
an invariant of the subfactor C M. We define another function / by 

/W = ^((i-^^a)"'^. (22) 

Then J{z) = (^(1 + z^/^A + zA"^ + z^/'^A^ + ...) = En=o[^%,*^''^'^ ■ Since G is bipartite, 
there are no paths of odd length from * to *, and so [A^^+^]*^* = for k = 0,1, . . . . Then 

fi^) = Sfclol^^^]*.*-^^ ~ fi^)- Then it is easily seen from ([5]) and (!22l) that /(-z^) is equal 
to the Stieltjes transform a{z) of /ia. 

Suppose P is the (Ai-)planar algebra [2S| for a subfactor N G M with Jones index 
[M : A^] < 4 and principal graph G- If dim(P(^) = 1, the Hilbert series f{z) is identical 
to the Hilbert series ^p{z) which gives the dimension of the planar algebra P: 

^ oo 

$p(z) = -(dim(P(+) + dim(Po-)) + ^ dim(P,);2^ 

As a Temperley-Lieb module, P decomposes into a sum of irreducible Temperley-Lieb 
modules, with the multiplicity of the irreducible module of lowest weight k given by the 
non-negative integer a^. Jones |41j then defined the series B by 

oo 
j=0 

It was shown in [U Prop. 1.2] that 6(g^) = 2G{q) + — 1, where G{q) is the generating 
series of the moments of the spectral measure for Q, defined in Section HI The series Q{q) 
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is essentially obtained from the Hilbert series f{z) in fl2T|) by a change of variables. More 
explicitly, in [1], 0(g) is given in terms of f{z) by 



Banica and Bisch then introduced their T series, which is defined for any Dynkin 
diagram (and affine Dynkin diagram) by 

, , 2Giq'l^) - 1 
^(^) = 1 _ q ' (23) 

in order to compute the spectral measures for the Dynkin diagrams (and affine Dynkin 
diagrams) of type E. In terms of the Hilbert series /, we have 

rj.( ^ Q(g) - g 1 f ( q 
T{<D = — — = ^—J 



l-q l + q \{l + qy 
We can define a generalized T series Tjj by 

where the matrix f{z) = ^1 — 2;5Axj , and [f{z)\ij counts paths from i to j. Then 

f{z) = ^0{z)) and T{q)=^{f{q)). 

The T series for the ADE Dynkin diagrams and their affine versions (except for 
Dn^) were computed in [T]. These expressions can be easily derived from the spectral 
measures computed above for these graphs, since the T series is additive with respect to 
the underlying measures; that is, if the measure e can be written as e = aiEi H — ■ + agSs 
for some s G N, where = 1, then the T series for e is = aiT^^ + ■ ■ ■ + agT^^. 

The T series for the measures d„, adn, d^ = 2d2n — d^, ad'^ are easily computed from 
(l23l) and using 

Jt ^ Jj i q 

where m = 2ln + r for I E Z, r E {0, 1, . . . , 2n — 1} (see [1] Lemma 6.1]). Let denote 
the T series for the graph Q. Then the T series are given by: 



rpEfi 
rpEs 



i - q" 
1 - ' 
1 + 

(l-g6)(i 



;i_g9)(l_gl2) 

;i_^4)(l_gl8)' 
(I_g5)(l_g9)(l_^30) 



rpEg 



T^7 



1 + g" 



(1 


-g)(l-g")' 




1 + 


(1 


-g2)(l_gn-2 




1 + g^ 


(1 


-g3)(i_g4)' 




1 + 


(1 


-g4)(l-g6)' 




1 + 



10^ 
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5.2 Kostant Polynomial 

We now introduce a polynomial for finite subgroups of SU{2) which is related to the 
T-series defined in Section 15.11 The precise relation between the two polynomials will be 
given later in Theorem 15. 1[ For a subgroup F C SU{2) and an irreducible representation 
7 of F, the Kostant polynomial counts the multiplicity of 7 in (j) , the j + 1-dimensional 
irreducible representation of SU{2) restricted to F. The Kostant polynomial is given 
by 

00 

F,{t) = J2{ij)n^)rt\ 

j=0 

where ((j),7)r counts the multiplicity of 7 in (j). Let F{t) = Xljlo'^'^O) ~ -^7(^)7- 
Then we obtain the recursion formulae 



Fit) 



7 
00 



j=0 



j=0 



id 



where id is the identity representation of F. Evaluating this polynomial by taking its 
character on conjugation classes F, of F we obtain [35j: 



^7^ = E 



|F| i-txp(r.) + t2- 



(25) 



The explicit result was worked out by Kostant in [45j, where he showed that the polyno- 
mials F^{t) have the simple form 



F,{t) 



hit) 



(26) 



where a,b are positive integers which satisfy a + b = h + 2 and ah = 2|F|, where h is 
the Coxeter number of the Dynkin diagram Q, and z^{t) is now a finite polynomial. The 
values of a, 6 are: 



Dynkin Diagram Q 


h 


a, h 


Ai 


l + l 


2, / + 1 


Di 


21-2 


4, 2/ - 4 


Ee 


12 


6, 8 


Ej 


18 


8, 12 


Eg 


30 


12, 20 



The Kostant polynomial is related to subfactors realizing the ADE modular invariants 
in [20I §3.3]. Let * label the trivial representation of F. By the argument of changing the 
t-vertex [19] it may be assumed that the subfactor N G M realizing the ADE modular 
invariant has the t- vertex on the vertex which would join the extended vertex * of the affine 
Dynkin diagram Qr- For all DE cases there is a natural bijection between (equivalence 
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classes of) non-trivial irreducible representations of F and M-N sectors [tA;], since the 
irreducible representations label the vertices of the DE graph, as do the sectors Let 
p denote the fundamental representation of F. Denoting the M-N morphism associated 
to the irreducible representation 7 7^ * by (so l = Hp), it was shown in [20] that the 
polynomials defined by 

k 

p^it) = 1 + p,{t) = Y,{a„ i\,)t^^\ 

i=0 

are equal to the numerators z^(t) of the Kostant polynomial F^{t), and consequently 
F^{t) = p^{t)/n{t), where n{t) = (1 + - tpp{t). The Kostant polynomial F,(t) 

for the graphs En, n = 6,7,8, is in fact just the T-series T^" (t^) of Section [STTl This 
is because the generating series G{q) of the moments of the spectral measures for Ei^\ 
n = 6, 7, 8 is essentially equal to the Kostant polynomial for En, cf. f l25|) and fl20|) . More 
precisely, F,{t) = (1 + t'^y^G (t/(l + t^)) = T{t'^) (see also TheoremO (hi))- 



5.3 Molien Series 

Another related polynomial is the Molien series, which for subgroups of SU (2) is in fact 
equal to the Kostant polynomial. Let F be a finite subgroup of SU{N) as above. For 
i = 0, 1, . . . , let Mj be a representation of F with dim Mi < 00, and let M = Mj. 
With 7 an irreducible representation of F, the Molien series Pm-j of M is defined in [52] 

by 

00 

^A/,,(t)=5^(M,,7)rf, 

i=0 

and counts the multiplicity (Mi,7)r of 7 in Mj. 

Let denote the dual vector space of C^, and denote by S* = ©fc5''^(C^) the 
symmetric algebra of over C, where S^{C^) is the k^^ symmetric product of C-'^. 
Let p be the fundamental representation of F and p its conjugate representation, let 
{po = id, pi = p, p2, ■ ■ ■ , Ps} be the irreducible representations of F and Xj be the character 
of pj for j = 0, 1, . . . , s. Then we have Molien's formula for P^^^^. (t) given as [32] : 

^s,pAt) |r|Z.det(i-p(^)t)- 

Let Rk denote the sum of all the representations of SU (N) which have Dynkin labels 
Ai, A2, . . . , A(Ar_i) such that Ai + - ■ ■+A(Ar_i) = k, and R = Rk- Then in this notation, 

Pr^^ recovers the Kostant polynomial F^, where 7 is an irreducible representation of F: 

CXD 

PR,'yit) = Y.^R^, 7)r f = F,{t, t,...,t). (27) 

i=0 

Since there is only one Dynkin label A for any representation of SU{2), Rk = {k), the 
{k + l)-dimensional representation of SU{2), for each k. Then by (1271) the Molien series 

PR^-yit) for a subgroup F C SU{2) is equal to the Kostant polynomial F^(t). The k^^ 
symmetric product of gives the irreducible level k representation, so that R = S for 
SU{2), and Ps,yit) = F^{t). 



24 



5.4 Hilbert Series of Pre-projective Algebras 

Finally, we introduce another related polynomial, the Hilbert series H{t), which counts 
the dimensions of pre-projective algebras for the ADE and affine Dynkin diagrams. Let 
Q be any (oriented or unoriented) graph, and let CQ be the algebra with basis given by 
the paths in Q, where paths may begin at any vertex of Q. Multiplication of two paths 
a, b is given by concatenation of paths a ■ b (or simply ab), where ab is defined to be 
zero if r(a) 7^ s{b). Note that the algebra CQ is not the path algebra A{Q) for Q in the 
usual operator algebraic meaning. Let [CQ, CQ] denote the subspace of CQ spanned by all 
commutators of the form ab—ba, for a, 6 G CQ. If a, b are paths in CQ such that r(a) = s{b) 
but r(6) 7^ s(a), then ab — ba = ab, so in the quotient CQ/[CQ,CQ] the path ab will be 
zero. Then any non-cyclic path, i.e. any path a such that r(a) 7^ s{a), will be zero in 
CQ/[CQ, CQ]. If a = 0102 ■ ■ ■ is a cychc path in CQ, then 0102 ■ ■ • cifc — afcCti ■ ■ ■ ak-i = 
in CQ/[CQ, CQ], so 0102 ■ ■ ■ a/c is identified with akai ■ ■ ■ a^.i. Similarly, a = 0102 ■ ■ ■ is 
identified with every cyclic permutation of the edges aj, j = 1, . . . , k. So the commutator 
quotient CQ/[CQ, CQ] may be identified, up to cyclic permutation of the arrows, with the 
vector space spanned by cyclic paths in Q. 

The pre-projective algebra 11 of a finite unoriented graph Q is defined as the quotient 
of CQ by the two-sided ideal generated by 6* = J^ia^i^ where the summation is over all 
vertices i and edges a of ^ such that i is an endpoint for a, and 9^ G CQ is defined to be 
the loop of length two starting and ending at vertex i formed by going along the edge a 
and back again. So the pre-projective algebra is the quotient algebra under relations 6, 
and any closed loop of length 2 on ^ is identified with a linear combination of all the other 
closed loops of length 2 onQ which have the same initial vertex. In the language of planar 
algebras for bipartite graphs (see [ID]), this is closely related to taking the (complement 
of the) kernel of the insertion operators given by the cups and caps. 

For a graph Q without any closed loops of length one, i.e. edges from a vertex to itself, 
the pre-projective algebra 11 has the following description as a quotient of a path algebra 
by a two-sided ideal generated by derivatives of a potential We fix an orientation for 
the edges of Q, and form the double ^ of ^, where for each (oriented) edge 7 we add the 
reverse edge 7 which has 5(7) = r(7), r(7) = 3(7). We define a potential $ by $ = J2y 77; 
where the summation is over all edges of Q. Let 7172 ■ ■ - jk be any closed loop of length 
k in CQ /[CQ,CQ], k > 1. We define derivatives di : CQ/[CQ,CQ] — > CQ for each vertex 
2 G 5Jg of ^ by 9i(7i72 ■ ■ ■ 7fc) = Y.j Ijlj+i ' ' ' 7fc7i ■ ■ ■ where the summation is over 
all 1 < j < ^ such that 5(7^) = i. Then on paths 77 G C^/[C^, C^], we have 

{77 if s(7) = 2, 
77 if ^^(7) = h , 
otherwise. 

and n = £-Q / (9j$ : i G 2Jg). For any graph Q and potential Bocklandt P, Theorem 3.2] 
showed that if A{<CQ, $) is Calabi-Yau of dimension 2 then A{<CQ, $) is the pre-projective 
algebra of a non-Dynkin quiver. 

We can define the Hilbert series for A{CQ, $) as HA{t) = YlT=o H'-jt'^ , where the H^^ 
are matrices which count the dimension of the subspace {i ■ a ■ j\a & A(C^, $)fc}, where 
A{<CQ, <I>)fc is the subspace of v4(C^, $) of all paths of length fc, and z, j are paths in 
y4(C^, $)o, corresponding to vertices of Q. 
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Let gGC\{0}. Ifg = ±lorg not a root of unity, the tensor category Cq of represen- 
tations of the quantum group SU{2)q has a complete set {Lgj^Q of simple objects. If q is 
th 

an n root of unity, Cq is the semisimple subquotient of the category of representations 
of SU{2)q. In this case, the set {Lsj^i^Q ^ is the complete set of simple objects of Cq, 
where Lg is the deformation of the (s + l)-dimensional representation of SU{2), and h{q) 
is n when n is odd and n/2 when n is even, satisfying: 

k 

L,®Ls- Lt, (28) 

t— I r — s I 
t = r -\- STaod2 

where 

r + s if r + s< — 1, 

~ \ 2h{q) -A-r - s ifr + s> h{q) - 1. 

Semisimple module categories over Cq where classified in [18] . A semisimple C,- module 
category V is abelian, and is equivalent to the category of /-graded vector spaces A^/, 
where / are simple objects of T). The structure of a Cq category on M.i is the same as 
a tensor functor F from Cq to Fun(A1/, = A^/x/, the category of additive functors 
from M.I io itself. When g = ibl or g is not a root of unity, by [TSl Theorem 2.5], such 
functors are classified by the following data: 

• a collection of finite dimensional vector spaces Vij, i,j G /, 

• a collection of non-degenerate bilinear forms Eij : Vij ® Vji C, subject to the 
condition, J2j Tr(-Eij(-E^)~^) = —q — q~^, for each i E I. 

When g is a root of unity there is an extra condition given in |18], due to the fact that Cq 
is now a quotient of the tensor category whose objects are V^"^, m G N. 

Let A be the matrix given by Ajj- = dimVij. Quantum McKay correspondence gives 
a graph with adjacency matrix A and vertex set /. The free algebra T in Cq generated 
by the self-dual object V = Li maps to the path algebra of the McKay graph under the 
functor F : Cq ^ -Mixi- Let S be the quotient of T by the two-sided ideal J generated by 

the image of 1 = Lq under the map 1 — > V(g)V V ^V, where (f) is any choice of 

isomorphism from V to its conjugate representation V. In the classical situation, q = 1, S 
is the algebra of polynomials in two commuting variables. More generally, 5* is called the 
g-symmetric algebra, or the algebra of functions on the quantum plane. The structure of 
these algebras is well known, see for example [12]. Applying the functor F to S gives an 
algebra 11 = F{S) which is the quotient of the path algebra with respect to the two-sided 
ideal F{J). Then given any arbitrary connected graph Q, there exists a particular value 
of g and choice of Cg-module category V such that 11 is equal to the pre-projective algebra 
n of ^ gni Lemma 2.2]. 

th 

When g is not a root of unity, the m graded component of the g-symmetric algebra 
5" is given by S{m) = Lm, for m G N, which satisfies 

(29) 

Then summing ( l29l) over all m G N, with a grading t™, gives tLi ^ S = t'^S © S* © Lq. 
Applying the functor F one obtains a recursion tAH{t) = H{t) + t^H{t) — 1, where A is 
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the adjacency matrix of the (quantum) McKay graph Q. Then we obtain the following 
result [IHl Theorem 2.3a]: 

H(t) = ^ -. (30) 

For an ADET graph q is an n^^ root of unity, and h[q) = h is the Coxeter number of 
Q. The m^'^ graded component is given by S{m) = for < m < h — 2, and S{m) = 
for m > /i - 1. Defining S = S Q t''{Lh-2 ® S) ® t^^{Lh-2 ® Lh-2 ® S") e ■ ■ ■ , the fusion 
rules fl28|) give the recursion Li ® ^(m) ^ ^(m — 1) © S{m + 1). Applying the functor F 
gives 1 + t'^P + tAif(t) = H{t) + t^H{t), where the matrix P = F{Lh-2)- Then for the 
Dynkin diagrams (and the graph Tad„), there is a 'correction' term in the numerator, so 
that Uni Theorem 2.3b]: 

1 + Pt'^ 

Hit) = \ (31) 

where P is a permutation corresponding to some involution of the vertices of the graph. 
Since Lh^2 ® Lh-2 — Lq, P^ = F{Lh-2 ® Lh-2) = -^(1) so P^ is the identity matrix. The 
matrix P is an automorphism of the underlying graph [16]; for An, P'2n+i, Eq it is the 
unique nontrivial involution, while for D2n, Ej, Eg (and Tad„) it is the identity matrix, 
i.e. the matrix P corresponds to the Nakayama permutation vr for the ADE graph [T7] . 
A Nakayama automorphism of 11 is an automorphism u of edges for which there exists 
an element b of the dual 11* of 11 such that ba = v{a)b for all a G 11. The Nakayama 
automorphism is related to the Nakayama permutation by i/(a) = e(a)7r(a) for all edges 
a of the Dynkin quiver, where e(a) G {±1}- 

We now present the following result which relates these various polynomials: 

Theorem 5.1 Let T he a finite subgroup of SU{2) so that Qr is one of the affine Dynkin 
diagrams, with the vertices of Qr labelled by the irreducible representations 7 of T, with 
the distinguished vertex * labelled by id. Let G{q) be the generating series of the moments 
for finite subgroups of SU{2) in ^EW> L be the generalized T series defined in Section [377], 
and let P^, F^ be the Molien series, Kostant polynomial respectively of T . Then for the 
Hilbert series H of Qy as in / T^Oj) . the following hold: 

(i) f(f)=E{t), 

(ii) H^,idit) = P^it) = F^{t), 

(ill) T{e) = ifid,id(t) = Pid(t) = Fid(t) = j^G (^). 
Proof: 

{i) From (121]) we have 



fie) = ^f(^-\ = — ^ = ^ 

^ ' 1 + ^2 ^ V(l + ^')V 1 + ^' l-t(l + t2)-iA l + t2_tA 
= Hit)- 
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(ii) By ^32|, Cor. 2.4 (ii)], for the symmetric algebra S = S^C^), P.y. = Ps^j satisfies 

s 

j=0 

where 71,..., 7^ are the irreducible representations associated with the vertices 
1, . . . , s of ^r- Then multiplying through by t we obtain 



^ [1 - Art +lt2]^^.P5,7.W= 5^,0. 

j=0 

From fl30|) we see that the matrix (1 — A-pt + It^) is invertible, and hence by the 
definition of matrix multiplication, we see that 



P^it)= (l-Art+lt') 



2\-i 



7, id 



which is the first equality. The second was shown in Section 15.31 

(iii) The first equality follows from T{q) = (p{T{q)), and the next two are immediate 
from (ii). For the last equality, using (|25l) we have 



:G 



t 



(ttf) xp(r,) 



1 + t2 \l+t^ ' 



6 SU{3) Case 

We will now consider the case of SU{3). We no longer have self-adjoint operators, but 
are in the more general setting of normal operators, whose moments are given by ([3]). 
We will first consider the fixed point algebra of M3 under the action of the group 
to obtain the spectral measure for the infinite graph which we call A^^°°\ We will then 
generalize the method presented in Section [3] to the case of SU{3) graphs. 



6.1 Spectral measure for 

We first consider the fixed point algebra of M3 under the action of the group T^. Let 
p be the fundamental representation of SU{3), so that the restriction of p to is given 

by 

/ cji \ 
ip\j2)iuji,uj2) = I iu^' , (32) 

\ UJ^^UJ2 J 

for {ui,uj2) e T2. 

Let {X(Ai,A2)}Ai,A2eN, {o"(Ai,A2)}ai,A26Z be the irreducible characters of SU{3), re- 
spectively, where if X(Ai,A2) is the character of a representation vr then X(A2,Ai) is the 
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Figure 5: The infinite graph A^^°°''. 



character of the conjugate representation vr of vr. The trivial character of SU{3) is 
X{o,o), X(i,o) is the character of p, and (T{x^,x^){p,q) = {p^\q^^), for Ai,A2 G Z. If a 
is the restriction of X(i,o) to T^, we have a = o-(i_o) + o"(o,-i) + '^(-1,1) (by (I32|) ). and 
f^f^(Ai,A2) = (^(Ai+i,A2) + cr(Ai,A2-i) + o-(Ai-i,A2+i), for any Ai, A2 G Z. So the representation 
graph of is identified with the infinite graph A^^°°\ illustrated in Figure whose ver- 
tices are labelled by pairs (Ai,A2) G Z^, and which has an edge from vertex (Ai,A2) to 
the vertices (Ai + 1, A2), (Ai, A2 — 1) and (Ai — 1, A2 + 1). The 6 in the notation ^(6°°) is 
to indicate that for this graph we are taking six infinities, one in each of the directions 
of ±64, i = 1,2,3, for the vectors given by ei = Ai, 62 = A2 — Ai, 63 = — A2, where 
Ai, A2 are the fundamental weights of SU{3). We choose the distinguished vertex to be 
* - (0,0). Hence ((^^Ma)^' ^ A{A^^°^^). 

We define a normal operator vz in £^(Z) ® £^(Z) byf2 = s(S)l + l(8> s^^ + s^^ ® s, 
where s is again the bilateral shift on £^(Z). Let f2 ® be the vector (5i,o)i ® {^1,0)1- 
Then vz is identified with the adjacency matrix A of A^^°°\ where we regard the vector 
n ® as corresponding to the vertex (0, 0) of A^^°°\ and the operators s ® 1, ® s, 
1 (S> as corresponding to an edge on A^^°°\ in the direction of the vectors 61,62,63 
respectively. Then (s^^ ® s~'^^)(Q, (8) il) corresponds to the vertex (Ai, A2) of A^^°°\ for 
any Ai,A2 G Z, and applying v'^v*^{il ® Q,) gives a vector y = (y(Ai,A2)) in ^^(^'•^°°-'), 
where y(Xi,X2) gives the number of paths of length m + n from (0, 0) to the vertex (Ai, A2), 

where m edges are on and n ed ges are on the reverse graph ^(^°°). The relation 

(1 ® s~^)(s~"'^ ® s)(s ® 1) = s^^s ® s~^s = 1 ® 1 corresponds to the fact that traveling 
along edges in directions 61 followed by 62 and then 63 forms a closed loop, and similarly 
for any permutations of 1 (8> s~^, (S> s, s (g) 1. 

Define a state on C*{vz) by ■ ) = {■ {Q ® ® Q). When m ^ n mod 3 it 

is impossible for there to be a closed loop of length m + n beginning and ending at the 
vertex (0, 0), with the first m edges are on ^(^°°) and the next n edges are on the reverse 

graph ^(6°°). Hence iflv^v"^) = for m ^ n mod 3. We use the notation (a, 6, c)! to 
denote the multinomial coefficient {a + b + c)\/{a\b\c\). For m = n mod 3, we have 

^(vzvT) = Yl ih,k2,m-h-k2)\ih,l2,n~h-l2)\ipis'' ^s"-') 

0<k-i+k2<m 
0<li+l2<n 
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0<ki+k2<m 
U<li+l2<n 

where 

Ti = 2ki + k2 — 2li — I2 + n — m, T2 = 2/2 + ^1 — 2A;2 — ki + m — n. (33) 

Then we get a non-zero contribution when li = ki + r, ^2 = ^2 + f^, where n = m + 3r, 
r G Z. So we obtain 

^fi^^^T) = Y^{ki,k2,m-k^-k2)\{ki + r,k2 + r,m + r-ki-k2)\ (34) 

where the summation is over all integers fci, A;2 > such that max(0, — r) < ki,k2 < 
min(m, m + 2r) and ki + k2 < min(m, m + r). 

Proposition 6.1 T/ie dimension of the m^^ level of the path algebra for the infinite graph 
^(600) giyen by 

m 

dim ((®"^M3)^') = dim(A(^(^°°))„) = (Cf )^ 

j=0 

Proof: When m = n we have 

^{vzvT) = E ((^i,A;2,m-A;i-A;2)!)2 



0<A;i+fc2<m 
m m—ki 

EE 

fcl=0 fc2=0 



ml 



ki\k2\{m — ki — ^2)! 



m! \ X - / (m — Ki 



m m—ki m 

ki=0 k2=0 ki=0 

□ 

Since the spectrum cr(s) of s is T, the spectrum a{vz) of is 2) = {cji + tu^^ + 
a;f^a;2| 1^1,1^2 £ T}, the closure of the interior of the three-cusp hypocycloid, called a 
deltoid, illustrated in Figure [HI where cu = ^'^^1'^, Any point in 2) can be parameterized 
by 

X = r(2 cos(27rt) + cos(47rt)), y = r(2 sin(27rt) - sin(47rt)), (35) 

where 0<r<l,0<t<l, with r = 1 corresponding to the boundary of D. 

Thus the support of the probability measure is contained in D. There is a map 
$ : ^ 2) from the torus to D given by 

^{uJi,UJ2) = UJi + UJ2^ + UJi^UJ2, (36) 
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where uj\^uJ2 G T. 

Consider the permutation group 6*3 as the subgroup of GL{2,Z) generated by the 
matrices T2, T3, of orders 2, 3 respectively, given by 

The action of ^3 given by T(cji,cu2) = {uj^''uj^'\uj^^'uj^''), for T = (a,j) G ^3, leaves 
^{uJi,U2) invariant, i.e. 

Any 5'3-invariant probability measure e on produces a probability measure n on D 

by 

/ 'llj{z)dfi{z) = / 1p{LJi + UJ2^ + UJ^''-UJ2)de{uJi,UJ2), 

for any continuous function ip : D C, where de{LJi,LJ2) = de{g{LJi,LJ2)) for all g G 5*3. 

Theorem 6.2 The spectral measure e{tOi, 102) (on T"^) for the graph ^(^°°) is given by the 
uniform Lebesgue measure de{uji,uj2) = dui duj2- 

Proof: With this measure we have 

/ (Ui + UJ2^ + UJi^UJ2)"^{uJ^^ + UJ2 + UJiUJ2^)^dLUi dto'2 

i{ki,k2,m-ki-k2y.ih,l2,n-li-l2)\ / (^['co-gMwi du;2 1 

0<fci+fc2<»" 
0<ix+i2<'i 

(fci, A;2, m-ki- k2)\{h, h, n - h - ky. 5r^fi dr^fi, 



0<fcx+fc2<m 
0<ii+!2<n. 
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Figure 7: Mapping onto the deltoid D. 




Figure 8: A fundamental domain C of T'^/S^. 



where ri, r2 are as in (l33l) . This is equal to (p{v^v^) given in (IMll . □ 
The quotient T^/Zs, where the Z3 action is given by left multiplication by T3 is a 
two-sphere §^ with three singular points corresponding to the points (1, 1), (e^'^*/^, e^'^*/^), 
^g47ri/3^ g27ri/3^ iu Under the action given by left multiplication by T2 on this 

two-sphere, we obtain a disc with three singular points, which is topologically equal to 
the deltoid D. The boundaries of the deltoid D are given by the lines 61 = 1 — 62, 
$1 = 262 and 26i = 62- The diagonal 61 = 62 in is mapped to the real interval 
[— 1, 3] C D. The mapping of the 'horizontal' lines on between points (e^'^*™/^^, e^'^*"/^^) 
and (e2^*("^+i)/i2^e2™/i2), and the 'vertical' lines on between points (e2™/i2^ e^™/!^) 
and (e2™/i2^e27ri(n+i)/i2j^ ^^^^ 25, for < m,n < 11, is illustrated in Figured 

Thus the quotient is topologically equal to the deltoid 2). A fundamental 

domain C of under the action of the group S3 is illustrated in Figure [H where the axes 
are labelled by the parameters 61, 62 in (e^"^*^^, e^'^*^^) G T^. The boundaries of C map to 
the boundaries of the deltoid 2D. The torus contains six copies of C. 
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We will now determine the spectral measure fi^^ over D. Now 
/ {iUi + iU2^ + iu^^iU2)"^i^i^ + UJ2 + u;iu;2'"'")"dti;i du2 

= 6 / {lUi + UJ2^ + UJ^^UJ2)"^{uj]^^ + UJ2 + UJiiU2^)"'duJi duj2 

Jc 

where the last integral is over the values of 61, 62 such that (e^^^^i, e^'^*^^) ^ c*. Under the 
change of variable z = e^''*^! + e"^''*^^ _^ g27ri(e2-9i)^ j^g^^g 

X := Re(2) = cos(27r^i) +cos(27r^2) + cos(27r(^2 -^1)), 
y ■= lm{z) = sin(27rei) -sin(27r^2) + sin(27r(02 -^i))- 

Then 

/ {Ui + UJ2^ + UJ^^UJ2)'^{uJi^ + UJ2+ UJlUJ2^Y^^l 

= 6 / (x + zy)'"(x + ii/)"|J"Va; dy, (38) 

where the Jacobian J = det{d{x,y)/d{6i,62)) is the determinant of the Jacobian matrix. 
We find that the Jacobian J = J{6i, 62) is given by 

J{ei, 62) = 47r2(sin(27r(0i + ^2)) - sin(27r(20i - ^2)) - sin(27r(202 - ^i)))- (39) 

The Jacobian is real and vanishes on the boundary of the deltoid D. For the values of 
61, 62 such that (e^'^*^^, e^'^*^^) Q^e in the interior of the fundamental domain C illustrated 
in Figure [H the value of J is always negative. In fact, restricting to any one of the 
fundamental domains shown in Figure [H the sign of J is constant. It is negative over 
three of the fundamental domains, and positive over the remaining three. The Jacobian 
-^(^17^2) is illustrated in Figure O When evaluating J at a point in 2 G S), we pull back 
z to T^. However, there are six possibilities for {uji,uj2) G such that ^{uji,uj2) = z, one 
in each of the fundamental domains of in Figure [HI Thus over D, J is only determined 
up to a sign. To obtain a positive measure over D we take the absolute value \J\ of the 
Jacobian in the integral fl38|) . 

Writing Uj = e^''*^^, j = 1, 2, J is given in terms of tui, 1^2 G T by, 

/ \ 0/ 01 l')\ 

J[LUl,LU2) = An lm{uJiiU2 — idiiU2 — CJf 0^2) 

0/ 1101 O 10 0\ /\ 

= —2n i{uJiUJ2 — UJ2 — ^x^2 + ^2 — ^\ ^2 + ^1^2 )■ (40) 



Since 



{(JJ1UJ2 — UJ-^ ^UJ2 ^ — Uj1ijJ2 ^ + CU^ "^^2 — UJi ^Uj\ + UJXUJ2 ^)^ 



—6 + 2yjjxuj2 ^ ^\ ^2 + ^1^2 + ^1^2 + ^1 ^2 + ^1 ^2) 

-liijjX + ^ + 1^2 + ^2"^ + ^\^2^ + ^^r^^2) 

y o o o o _4 4 _o _o 4 4 0\ 

+ (Co']^Co'2 + tU]^ UJ2 ^UJy^2 + t^lt^2 +"^1 1^2+^1 ^2)1 
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Figure 9: The Jacobian J. 



the square of the Jacobian is invariant under the action of S3. Hence can be written 
in terms of z, z, and we obtain J{z,zY = 47r^(27 — 182;^ + iz^ + iz^ — z'^z'^) for z E D. 
Since J is real, > 0. We have the following expressions for the Jacobian J: 



J{uJi,UJ2) 

\Jiz,z)\ 
\J{x,y)\ 

\J{r,t)\ 



47r2(sin(27r(0i + ^2)) - sin(27r(2ei - ^2)) - sin(27r(2^2 - ^1))), 

— 27r i{uJiUJ2 — ujI — ^1(^2 + ^2 — ^2 + ^1^2 )i 
2 



27rV27 - 182^ + 4^3 + 4^3 _ ^2^2^ 
27rV27 - 18(a;2 + y2) + 8x(a;2 - 3y2) - (^2 + y2)2^ 
27r V(l - ^)((5 + 4 cos(67rt))2r3 -9(7 + 8 cos(67rt))r2 + 27r + 27), 



where < 6^1, 6*2 < 1, cji, u;2 e T, z = x + G D and < r < 1, < t < 1. 
Here the expressions under the square root are always real and non-negative since is. 
Consequently: 



Theorem 6.3 The spectral measure jji^^ (over T> ) for the graph i 



6 



1^1 



d^ 



7r2 V27 - ISZZ + 4^3 + 4^3 _ ^2^2 

We thus have for the fixed point algebra under ¥2; 

k 



IS 



dz. 



(41) 



dim(A(^(6' 



.00) > 



dim((®^'M3)^^ 



\2k 



i=o 

1 



k\2 



XI 



V27 - l^zz + 4^3 + 



^2^:2 



V{\vz?') 
dz. 



6.2 Spectral measure for 

We now consider the fixed point algebra under the action of the group SU{?)). The 
characters of SU{?>) satisfy X{i,o)X{Ai,A2) = X(Ai+i,A2) + X(Ai,A2-i) + X(Ai-i,A2+i), for any 
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(0,0) (1,0) (2,0) (3,0) (4,0) 

Figure 10: The infinite graph A^°°^ 



^1,^2 > 0, where X(a,-i) = for all A > 0. So the representation graph of SU{3) is 
identified with the infinite graph A^"^^ illustrated in Figure [10], with distinguished vertex 
* = (0,0). Hence ((g)^ Ma)^^^^) ^ ^(^{oo))_ 

We define a normal operator f at on (S> by 

VN = l(S)l + l(S)l* + l*(S)l, (42) 

where / is again the unilateral shift on ^^(N). If we regard the element f2 ® as corre- 
sponding to the apex vertex (0, 0), and the operators Z®1, 1*^1, 1^1* as corresponding to 
the vectors 61,62,63 on A^'^\ then {l^^ 1^ corresponds to the vertex (Ai, A2) 

of A^°°\ for Ai,A2 > 0. We see that v^- is identified with the adjacency matrix A_4 of 
and 

■^TV^TV ® ^) gives a vector y = (y(Ai,A2)) iii (^'^{A^°°^), where ?/(Ai,A2) gives the 
number of paths of length m + n from (0,0) to the vertex (Ai, A2), where m edges are 

on A^°^^ and n edges are on the reverse graph A^°°h The relation (/* ® ■ )(i7 ■ ) = 
corresponds to the fact that there are no edges in the direction —61 from a vertex (0, A2) 
on the boundary of A^°°\ X2 > 0, and similarly (■ ® /*)(■ i7) = corresponds to 
there being no edges in the direction 63 from a vertex (Ai,0), Ai > 0. The relation 
(1 ® /*)(/* ® /)(/ ® 1) = /*/ /*/ = 1 (g) 1 again corresponds to the fact that traveling along 
edges in directions 61 followed by 62 and then 63 forms a closed loop, and similarly for 
any permutations of 1 (S> /*, I* ® I, / 1, but now the product will be along one of the 
boundaries Ai = or A2 = for certain of the permutations, but 1 everywhere else. 

The vector eg) 1] is cyclic in £^(N) ® £^(N). We can show this by induction. Suppose 
any vector I'^^Vl Z^^fi G ^^(N) i'^(N), such that ki + k2 < p, can be written as a linear 
combination of elements of the form v'^vJ^{fl^Q) where m + n < p. This is certainly true 
whenp = 1 since fAr(fi(8)fi) = {l0l + l(g)l*+l*0l){D.0^l) = m(g)il and v%{^l(g)il) = fi(g)/fi. 
For j = 0, 1, . . . , p, we have vn{1^~^^ ® P^) = l^'^^^Vt ® PVt + l^-m ® P'^Vt + l^-^-^Vt ® 
V+^Vt. Then Ip-^+^VL ® PVL = vn{1^-^^ ® PVt) - ® p-^n - l^-^-^Vt ® P+^Vt, and 

for j = 0, 1, . . . ,p, can be written as a linear combination of elements of the 
ioiYav'^v*j:^{yt®n) where m + n < p+l. Since also VL^Ip-^^VL = v^in^Pn) -in^lP'^n, 
then every I'^^Q I'^^Q, such that ki + k2 < p + 1, can be written as a linear combination 
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(0,1,0)^ (0,1,1) 




(1,0,0) (1,0,1) 



Figure 11: The vectors fi G Z^, i = 1,2, 3. 



of elements of the form v^v'^{fl ® ^) where m + n < p + 1. Then C*{vn){Q ®Q) = 
e{N)(g)P{N). We define a state (^ on C*(i;^) by ip{-) = {■ {^(g)^),^®^). Since C*(t;jv) 
is abehan and f2 (g) f2 is cychc, it is the case that (p is faithful. 

The moments (f{v^v^) are all zero if m — n ^ mod 3, and for m = n mod 3 the 
moments (p{v^v}^) count the number of paths of length m + on the SU (3) graph A^°°\ 
starting from the apex vertex (0, 0), with the first m edges on A^°°'^ and the other n edges 

on the reverse graph ^(°^). Let A'{A^'^^)m,n be the algebra generated by pairs {rji,rj2) of 
paths from (0,0) such that r(?7i) = r{r]2), \r]i\ = m and |?72| = n. Then we define the 
general path algebra for the graph to be A'^A^"^^) = 0^,„ 

Then Lp{v'^v*^) gives the dimension of the m,n^^ level A'{A^°°^)m,n of the general path 
algebra A'{A^°°^). In particular, ip{vj^v*j^) for m = n gives the dimension of the w}^ level 
of the path algebra for graph A^°°\ i.e. ^{v'^v*,^) = dim(A(^(°°))^). 

The moments (p{v'^v*j^) have a realization in terms of a higher dimensional analogue of 
Catalan paths: Let E = {/i, /2, /s} be the set of vectors fi = (1, 1, 0), /2 = (1, —1, 1), /a = 
(1, 0, — 1) G Z^, which are illustrated in Figure [TTl These vectors correspond to the vectors 
Ci above, i = 1,2, 3. 

We define the conjugate / of a vector f E E hy {l,y,z) = {1, —y, —z), and let 
E = {/i)/2)/3}- Let L be the sublattice of given by all points with non-negative 
co-ordinates. Then define Cm,n to be the number of paths of length m + in L, starting 
from (0, 0, 0) and ending at (m + n, 0, 0), where m edges are of the form of a vector from 
E and n edges are of the form of a vector from E. Then ^piv^v*^) = Cm,n, and for m = n, 
cp{v^v*j^) = c^,^ = dim(A(^(-))^). 

We now consider the probability measure on D for the normal element v^. Since 
ip is Si faithful state, by Remark 2.3.2] the support of /i^,^ is equal to the spectrum 
<j{v^) of vn- Consider the exact sequence — /C — C*{viy) C*{vn)/]C — >■ 0, where 
/C = }C{f{N)0f{N)) C B{e{N)®e{N)) are the compact operators. Let vr : B{e{N) (g) 
f{N)) B{i^{N)®f{N))/K: be the quotient map, then a{vN) D a{7r{vN))- Now 7r(f^) = 
u^l + l®u*+u*®u where u is a unitary which has spectrum T, so that the spectrum 
of vr(t>Ar) is given by cr(7r(f7v)) = {i^i +^2^ + lo^'^uj2\ uji,uj2 eT} = D. Then a{vN) C D. 

Consider the measure e{uji,uj2) on given by 

de{uji,uj2) = ^^J{uJi,uj2)'^dLJi duj2 

= — {UJ1UJ2 + uJiUJ^'^ + u}7'^u}2 — ^i^^2^ ~ ^1^2^ ~ ^i^^l)"^ dcui d(x'2 
6 

on T^, where dujj is the uniform Lebesgue measure on T, j = 1,2. We will prove in the 
next section that this is the spectral measure (over T^) of vn, so that cr(fAr) = D. With 
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this measure we have 

I 

^ |^(A;i, A;2,m - /ci - A;2)!(/i,/2,^ - ^1 - ^2)! X 



0<ki+k2<m. 
0<li+l2<n. 



^ ({h,k2,m-ki-k2)\{h,l2,n-li-l2y.'Jai,a2 



0<ii+!2<" 



where ri, r2 are as in (13311 . and the summation is over all integers ai, a2 such that 
(ai, aa) G T = {(Ai, A2)| Ai = A2 mod 3, |Ai + A2I < 4, |Ai| + IA2I < 6}. The set T 
is the set of all pairs (01,02) of exponents of tUi^c^a^ that appear in the expansion of 
{uJiUJ2 + tuiu;^^ + cuf ^0^2 — uji^uj2^ — ujfLU2^ — cjf "^cjI)^, and the integers 7ai,a2 are the 
corresponding coefficients. Let bi = (2ai + a2)/3 and 62 = (oi + 2a2)/3. The m,n^^ 
moment for the measure de{uJi,uj2) is zero if m ^ mod 3, and for n = m + 3r, r G Z, 
the m, n^^ moment is given by 

^Iai,a2{ki,k2,'m-ki-k2y. {ki + r + bi,k2 + r-b2,m + r-bi+b2-ki-k2y. (43) 



where the summation is over all 01,02 G Z such that (01,02) G T, and all non-negative 
integers ki, k2 such that 

max(0, — r — 61) < ki < min(m, m + 2r — bi) (44) 
max(0, — r + 62) < ^2 < min(m, m + 2r + 62) (45) 
^1 + ^2 ^ min(m, m + r — 61 + 62)- (46) 

As in fl38l) . under the change of variables cui + tUg^^ + uj^^uj2 = the spectral measure 
yu^^ {z) is given by 

d/...(.) = I^^J^ d. = ^|J| d.. 



We will have for the fixed point algebra under S'f/(3): 

dim(A(^(°^)),) = dim((®'=M3)''^^'^) = ^{\VN?') 

1 

2^ 



|2fe 



27 - 18z^ + 4^3 + - ^2^2 
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7 Spectral measures for AT>S graphs via nimreps 

Let Ag be the adjacency matrix of a finite graph Q with s vertices, such that Ag is normal. 
The m, n^^ moment J z^^z^dfilz) is given by {A'g{Ag)^ei, ei), where ei is the basis vector 
in corresponding to the distinguished vertex * of Q. For convenience we will use the 
notation 

so that Rm,ni^i^^2)de{uJi,uj2) = /z™z"d/i(z) = (A[?(A^)"ei,ei). 

Let be the eigenvalues of Q, with corresponding eigenvectors , j = l,...,s. 
Then as for ^^7(2), A[?(A^)" = UK^{K*gYU\ where Ag is the diagonal matrix Ag = 
diag(/?\ /?^, . . . , /?"*) and U = {x^, x'^,. . . , a;"*), so that 

/ i?„,„K,a;2)d£K,^2) = (WA™(A*)"W*ei,ei) = (A™(A* )"W*ei, W*ei) 

s 

= J2(f^TiWr\y^', (48) 

i=i 

where ?/j = is the first entry of the eigenvector xK 

For a finite AVE graph Q with Coxeter exponents Exp, its eigenvalues P^^^ are ratios 
of the S-matrix given by P^'^^ = Spx/So\, for A G Exp, with corresponding eigenvectors 
{i^a)ae^{g)- Then (jUD becomes 

/ i?„,„(^i,a;2)de(^i,^2)= V (/5('))™(WI^*I', (49) 

^ AeExp 

where * is the distinguished vertex of Q with lowest Perron- Frobenius weight. 
7.1 Graphs A^^\ I < oo. 

The distinguished vertex * of the graph A^''^ is the apex vertex (0,0). Its eigenvalues 
are given by the ratio Spx/Sox, with corresponding eigenvectors ip'^l = >S'^,A; where the 
exponents of A^''^ are Exp = {(Ai,A2)| < Ai,A2 < / — 3; Ai + A2 < / — 3}, and the 
5'-matrix for SU{3) at level A; = Z — 3 is given by |29j: 

l^j^ g ^ g€(2A>i+A;M2+A'2K+2Ai,M2) I gCCA'aK-AiA^'i+SAi/^-A^Ma) 

+e^(^'i^'2-^'i^'i~2A'2K-A'2/4) _ g5{-2A>^-A>;-A'2^^-2A^M'i) 

_^iii2X[ti[+x[ti'2+x'2ti[-x'2fi'2) _ ^iiix[^l'2-x[^^[+x'2^^[+2X'2^i'2) 

where ^ = — 27ri/3/, A = (Ai, A2), /i = (/ii, ^2), and A^- = Aj + 1, /i^ = /ij + 1, for j = 1, 2. 
Then setting /x = (0, 0) we obtain 

= (sin(2A;7r//) + sin(2A'27r//) - sin(2(A; + A^tt//)) (50) 

^ J((Ai + 2A2 + 3)/3/,(2Ai + A2 + 3)/3/), (51) 
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where in §2) 9i = (Ai + 2A2 + 3)/3/ and 02 = (2Ai + A2 + 3)/3/, so that (Ai + 1)// = 2^2-^1 
and (A2 + = 29i - 62. 

Since the S'-matrix is symmetric, we also have ip'^ = Sx^^, so that the Perron-Frobenius 

eigenvector ijj^^''^'> has entries ip^^'^^ given by (1501) . Since the S'-matrix is unitary, the 
eigenvector ip^'^''^^ has norm 1. Recall that the Perron-Frobenius eigenvector for A^''^ can 
also be written in the form [12] : 

(52) 



, (0,0) _ sin((Ai + 1)tt/1) sin((A2 + 1)tt/1) sin((Ai + A2 + 2)ti/1) 
^ ~ sin2(7r//)sin(27r//) 



where 0^'''°) has norm > 1. In fact, has norm /v/3(8sin(27r//)sin2(7r//))-i, so that 

^(0,0) = 8sin(27r//) sin2(7r//) 0(O'O)//V3. Then by 

7(6*1, 6*2) = -2V3vr2/ V^{°'J^^_g^)_-^^,(2ei-e2)-i) 

= -2V37tH j-^ sin(27r/0 sin2(7r//) <pfllli^e,)-iM20i-02)-i) 
= -1671^ sin((2^2 - Oi)7v) sin((20i - 62)^) sin((0i + 62)^), 

so that the Jacobian J{6i,92) can also be written as a product of sine functions. From 
this form for J we see that the expression for J{uji,uj2) in (HOl) factorizes as 

J(uJl,UJ2) = —27l'^i{Ui^ul — UiU2'^){ulu2^ — Ui'^U2){UiU2 — Ui^U2^)i 

where ui = ul^"^ and U2 = 10^2'^ take their values in {e*^| < 6* < vr}. 

We now compute the spectral measure for AS^^ . The exponents of A!>^^ are all the 
vertices of i.e. Exp = {(Ai,A2)| Ai,A2 > 0; Ai + A2 < / - 3}. Then summmg 
over all (Ai,A2) G Exp corresponds to summing over all (6^1,6*2) G {(9i/3/, g2/3/)| 91,^72 = 
0, 1, . . . , 3/ — 1}, such that + 6^2 = mod 3 and 

2^2-^1 = (Ai + 1)// > 1//, 2^1-^2 = (A2 + I)// > 1//, 

Qx^Q2 = (A1 + A2 + 2)// < (/-I)// = 1-1//. 

Let -^^(6)^,6)2) t>e the set of all such {61,62), and let Ci be the set of all (a;i,a;2) G T, 
where Uj = e^''*^J, j = 1,2, such that {61,62) E L(^Q^fi^). It is easy to check that jS^^"* = 
cui + + 101-^102- Using ( l49l) . 



Rm,n{i^l,UJ2)d6{uJi,UJ2) 

- ^ (/?W)™(^) V ((2Ai + A2 + 3)/3/, (Ai + 2A2 + 3)/3/) 

AeExp 

= (wi + ^2^^ + ^r^^2)™(^r^ + ^2 + ^1^^^)" 



3/2 

(a;i,t^2)eC; 

/ , -2,-2 -1-12 -1 -1 2\2 /roN 

X (c<JiC(J2 + Cc'iCiJg +(-1^1 072 — ^^1 — to'ito'2 — tUgj . (53j 

If we let C be the limit of as / ^ cxd, then C is a fundamental domain of under 
the action of the group S3, illustrated in Figure M Since J = along the boundary of 
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Oj_ _6 _9. 12 15 1 

18 IS IS IS 18 -1 

Figure 12: The points {61,62) such that (e^^^^i, e^'^*^^) ^ j^)^ 

C, which is mapped to the boundary of D under the map $ : ^ S), we can take the 
summation in ( l53l) to include points on the boundary of C. Since is invariant under 
the action of S3, we have 

Rm,n{^l^^2)de{uJi,UJ2) 

. _Q Q -I 1 Q -1 lOxO /\ 

X (u;iu;2 + tuiCi^a + cu^ ^72 — ^;]^ — dj^cug — ciJ^ ^72) , (54) 

where 

A = {(e^'^*^^/^/^ g2.^g2/3«) e T'l gi, g2 = 0, 1, . . . , 3/ - 1; gi + g2 = mod 3} (55) 

is the image of Ci under the action of 5*3. We illustrate the points {61,62) such that 
^^2m8i^ ^2me2^ ^ Figure O Notice that the points in the interior of the fundamental 

domain C, those enclosed by the dashed line, correspond to the vertices of the graph A^^^. 

The number tj[^{ of such pairs in the interior of a fundamental domain C can be seen 
to be equal to n^'^ = (/ — 2)(/ — l)/2, where n^'^ is the number of vertices of A^''\ whilst 
the number jj^'' of such pairs along the boundary of C is n^'-'^^^ — n''^^ = [{I + !)(/ + 
2) — (/ — 2){l — l)]/2 = 3/. Then the total number of such pairs over the whole of 
is \Di\ = 6tl[2 + 3^Q^ — 6 since we count the interior of C six times but only count its 
boundary three times. The vertices at the corners of the boundary of C are overcounted 
twice each, hence the term —6. So \Di\ = 3(/ — 2)(/ — 1) + 9/ — 6 = 3/^, and we have 

Rm,n{i^l,UJ2)de{uJi,UJ2) 

•2 

= -ItTTI {Ui + 002^ + UJ^'^UJ2)"\UJ];^ + UJ2 + i^li^2'^)"' 

\Di\ , ^ 
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J2 



X {uJiUJ2 + UJ1UJ2 + uji — uji ^UJ2 ^ — UJ1UJ2 ^ — ^^^iY d*-'-* (cJi , ^^2) , 
where d*-'-* is the uniform measure over Di. Then we have proved the following: 
Theorem 7.1 The spectral measure of A^^^ (overT'^J is given by 

de{uJi,uj2) = ^^J{uJi,uj2)'^S^\uJi,uj2). (56) 

We can now easily deduce the spectral measure of A^"^^ claimed in Section [621 Letting 
/ — *• cxo, the measure d*^'^(co'i, ^^2) becomes the uniform Lebesgue measure dui duj2 on T^: 

Theorem 7.2 The spectral measure of A^°°^ (overT"^) is 

de(a;i, U2) = ^^"^(^i' ^2)^^^! ^^2, (57) 
where du is the uniform Lebesgue measure over T. Over T), the spectral measure fivN^z) 



ofA^ 



00) 



zs 



d/i„^ (z) = V27 - 18zz + 4^3 + 4^3 _ ^2^2 



Remark: For vertices v of A^"'^ we define polynomials S„{x,y) by S(^ofi){x,y) = 1, and 
xS^{x,y) = '£^^A_^{iy,iJ,)Sf,{x,y) and yS^{x,y) = ^^A^{iy, n)S^{x,y). For concrete 
values of the first few S^{x,y) see [21., P- 610]. Gepner [30] proved that this is the 
measure required to make these polynomials Sn{z,^) orthogonal, i.e. 

^ [ S^{z,z)S,{z,z)V27 - 18^^ + 4^3 + 4^3 _ ^2^2 ^ ^ 

Then in particular, it follows from Theorem 17.21 that the dimension of the n^^ level of 
the path algebra for A^°°^ is given by (l43l) with m = n (i.e. r = 0), or equivalently by the 
integral \z\'^'^dfj,^^{z) with measure given by (!58|) . 

The dimension of the irreducible representation ttx of the Hecke algebra Hn{q), labelled 
by a Young diagram A = {pi,p2,n — pi — P2) with at most 3 rows, is given by the 
determinantal formula (see e.g. [5^): 



dim(7rA) = n\ 



l/pi! l/(Pi + l)! l/(Pi + 2)! 

1/{P2 - 1)! I/P2! 1/(P2 + 1)! 

l/{n-pi-p2-2)\ l/{n-pi-p2-l)\ l/{n-pi-p2)\ 



(59) 



where 1/g! is understood to be zero if q is negative. Computing the determinant in 
equation (!59|) . we can rewrite the right hand side as a sum of multinomial coefficients: 

dim(7rA) = (pi,P2,^ -Pi -P2)! - (Pi,P2 + I,n-pi-p2- 1)! 

+ {pi + I,p2 + l,n-pi-p2- 2)! - {pi + l,p2 - l,n - pi -^2)! 

+ {pi + 2,p2-l,n-pi-p2- 1)! - (pi + 2,p2,n~pi - P2 - 2)! (60) 



41 



We can also obtain another formula for the dimension of A{A^°°^)n- The number 
c|^| A2) paths of length n on the graph A^^"* from the apex vertex (0, 0) to a vertex 
(Ai, A2) is given in [13] as 



(^1'^^) ((n + 2Ai + A2 + 6)/3)!((n-Ai + A2 + 3)/3)!((n-Ai-2A2)/3)!' ^ ^ 
Then we have the following: 

Lemma 7.3 Let c|^| 6e the number of paths of length n from (0, 0) to the vertex (Ai, A2) 

on the graph A^^\ as given in ^61\) . and let A'{A^-^^) he the general path algebra defined 
in Section IKM Then, for fixed integers m,n < 00, the following are all equal: 

(1) dim(A'(^(-))„,„), 

(2) 2^ /j, 2™z"V27 - ISzz + 4^3 + _ ^2^2 

(^) 21^ /Tr2(t^i +^^2^^ + c^r^t^2)"'(t^r^ + t^2 + t^it^2"^)"^(^i>^2)^du;i du;2, 

U) -| E 7ai,a2(^i, ^2, n- ki- k2y. {ki + r + bi,k2 + r -b2,m + r -bi+b2- h- ^2)', 

Z^^'(Ai,A2)^(Ai,A2)' 

where in (4), n = m + 3r, r E Z, bi = (2ai + a2)/3, 62 = (cti + 2a2)/3 anc? t/ie summation 
is over all ai,a2 € Z siic/i i/iai (01,02) G T, anc? a// non-negative integers ki, /c2 which 
satisfy (f^TP-ffT^- T/ie summation in (5) is over all < Ai,A2 < min(m, n) sttc/i t/iai 
Ai + A2 < min(m, n) and m = n = \i + 2X2 mod 3. 

Proof: The identities (1) = (2) = (3) = (4) were shown above. The identity (1) = (5) is 
trivial since the dimension of A'(A^°°^)m,n is equal to the number of pairs of paths (with 
lengths m, n respectively) which begin at (0, 0) and end at the same vertex of □ 

Corollary 7.4 Let /p"p2 be the sum of multinomial coefficients given by [6U\} . Then, in 
particular, for fixed n < 00, the following are all equal: 
(1) dim(((g)"M3)^^(3))^ 



(2) 2^ V27 - l^zz + 4z3 + Az'^ - z'^z' dz, 

(^) 24^ jj2Wl + ^2^ + ^l^^2\^'^ J{'^l,i^2f di^l dt^2, 

U) -| Z]7ai,a2(^i, k2,n- ki - k2)\ {ki + 61, /c2 -b2,n-bi + b2~ ki- /C2)!; 



in) 



(5) Efinl 



■P2! 



(6) E(cg;,.,))^ 

where in (4), &i = (2ai + a2)/3, 62 = (cti + 2a2)/3 and the summation is over all ai, 02 G Z 
such that (01,02) G T, and all non-negative integers ki, k2 which satisfy (f7^-(f7^- The 
summation in (5) is over all < p2 < pi < n such that n—pi < 2p2, whilst the summation 
in (6) is over all < Ai, A2 < such that \i + \2 <n and n = Ai + 2A2 mod 3. 

Proof: The identities (1) = (2) = (3) = (4) = (6) follow from Lemma [7.31 The identity 
(1) = (5) follows from (pD and the fact that ((g)" Ms)^^^^) _ = 0^ 7rA(if„(g)), 

where the summation is again over all Young diagrams A with n boxes. 
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7.2 Graphs V^''\ n = mod 3. 

The exponents of T)^^''\ for integers k > 2, are the 0-coloured vertices of A^^''\ i.e. 
Exp = {(Ai, A2)| Ai, A2 > 0; Ai + A2 < 3/c — 3; Ai — A2 = mod 3}, where the exponent 
(A; — 1, A; — 1) has multiphcity three. 

For "D^^^) we have \^p^\ = "\/35'(o,o),a for all A G Exp except for A = {k — l,k — 
1). For this exponent however the eigenvalue /jC^''^) = 0, so that this term does not 
contribute in fH9l) . Then for A 7^ {k — l,k — 1), the weight \ip^\ is given by = 
J ((Ai + 2A2 + 3)/3/, (2Ai + A2 + 3)/3/) /6k7r\ 

Since the exponents for P^^'^) are all of colour zero, under the above identification 
between Ai, A2 and 61, 62, the exponents A correspond to all pairs (^1,^2) such that 
6*1 - 6*2 = mod 3 and (e^'^^^i, e^'^^^^) ^ (j^ These pairs (6*1, 6*2) are thus in fact all of the 
form {pi/3k,p2/3k), for pi,p2 G {1,2, ... ,3k — 1}. Under the action of S3, these pairs are 
mapped to the all the points {qi,q2) G [0, 1]^ such that e^'"**' is a 3k^^ root of unity, for 
j = 1,2, except for the points {qi,q2) which parameterize the boundary of S). However, 
we can again use the fact that the Jacobian is zero at the points which parameterize the 
boundary of 2). 

Then by fH9|) we have 



-Rm.n(t^i,t^2)de(u;i,u;2 

1 1 



4^^?^ E {(^^''Y{(^^''^TJ ((Ai + 2A2 + 3)/3/, (2Ai + A2 + 3)/3/)^ 



247r4 {3k) 

^ ' 01,02 



The last summation is over {01,62) G {{pi/3k,p2/3k)\ pi,P2 = 1, . . . , 3A; — 1}. Then we 
have obtained the following result: 

Theorem 7.5 The spectral measure ofT)^^''\ k > 2, (over T'^) is 

de{uJi, UJ2) = ^^"^(^i' ^2)^ d3fc/2t^i d3fc/2CJ2, (62) 
where dsk/2 is the uniform measure over the 3k^^ roots of unity. 

For the limit as A; — 00 we simply recover the measure (!57|) for A^°°\ This is due to 
the fact that taking the limit of the graph as A; — 00 with the vertex * = (0, 0) 

as the distinguished vertex, we just obtain the infinite graph A^°°\ In order to obtain 
the infinite graph X)(°°) we must set the distinguished vertex * of T)^^^^ to be one of the 
triplicated vertices (A; — 1, A; — l)j, i = 1,2, 3, which come from the fixed vertex (A; — 1, A; — 1) 
of A^^''^ under the Z3 action. Then using fl49l) . and taking the limit as A; —» 00, we would 
obtain the spectral measure for 



7.3 Graphs A^^>, I < 00. 

The exponents of A^^'^* are Exp = {{j,j)\ j = 0, 1, ...,[(/ - 3)/2j}. From p8] its 
eigenvectors are ip^ = 2-\/P^sin(27ra(Ai + l)/l), where A = (Ai,A2) G Exp and a = 
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9 



1 2 

4(5). 



1 2 

1(6). 



■ 9 9 

1 2 3 

Figure 13: ^("■)* for n 




4,5,6,7,8,9 




1, 2, ...,[(/ - 1) /2J , as in Figure [13 Then 

/ i?„.„(u;i,a;2)d£K,a;2) = y V (/5(^'^'))'"(/30-'^-)r sin2(27r(j + 1)//). 

Since all the eigenvalues (3^^'^^ of are real, there is a map $i : T 2} given 
by = m + + 1 so that the eigenvalues are given by ^^i^e^^^'^^'^^y^') g [—1,3] for 

J = 0, 1, ...,[(/ — 3)/2j }. Then the spectral measure of A^^'^* can be written as a measure 
over T. Then with u = e^'^'/', we have 

L(;-i)/2j 



sm M 



[{u + M-^)'"+"de(M) = 7 V {u^ + u-^ + 1)™+" si 

For all /, sin(M°) = 0, and sin(M-') = sin(u' — j), for / = 1, 2, . . . , [(Z — 1)/2J . If / is even, 
we also must consider when j = 1/2. In this case sin(M'/^) = 0. Then we can write 

( {u + M-^)'"+"de(M) = y + + 1)™+" sin^iu^) (63) 



= 2 {u + u-' + 1)™+" sin^(M)di/2M, 

where dp is the uniform measure over the 2p"^ roots of unity. Then we have: 
Theorem 7.6 The spectral measure of A^^^* , I < oo, (overT) is 

de{u) = a{u)di/2U, (64) 
where di/2U is the uniform measure over l^^ roots of unity, and a{u) = 2Im(u)^. 

Since {u + u^^ + 1)' = Xl!=o^i('" + for even I = 2k we can express the m,n^^ 

moment as a linear combination of the moments of the Dynkin diagram Ak-i- 

„ m+n „ m+n 

{u + M-i)"+"de(M) = V +" {u + u-y 2lm{ufdi/2U = V Cf +V, 

where ^-^ is the j^^ moment of Ak_i. When Z — > oo, the j^^ moment of A^o is given by 
the Catalan number Cj/2 when j is even, and when j is odd. Then for the infinite graph 

l{m+n)/2\ 
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In fact, the spectral measure for has semicircle distribution: Letting / oo in 

(l63l) , we have the approximation of an integral 



lim - + u-^ + 1)™+" sin2(uJ) = 2 [ (e^"*^ + e'^"^^ + 1)™ sin2(27r^)d^. 



Making the change of variable x = e^''*^ + e ^''^^ + 1 = 2 cos(27r6') + 1, we have 2 sin(27r6') 
^4 - (x - 1)2, and dx/dO = -47rsin(27r^) = -2n^A - (x - l)^. Then 



1 

a;"^d/i(a;) = 2/ (e^^^^ + e'^-^^ + I)*" sin2(27r^)d^ 



= — I x™V4- (x- l)2dx = — I x"V4- (a;-l)2dx, 
8vr J3 27r 

which is the semicircle law centered at 1 with radius 2. Then the spectral measure /i (over 
[— 1, 3]) for the infinite graph has semicircle distribution with mean 1 and variance 1, 

i.e. d/i(a;) = a/4 — (x — lydx. The graph ^(^z)* j-^g^g adjacency matrix A'^^O* = A;_i + 1, 
where A/ is the adjacency matrix of the Dynkin diagram Ai. Hence the spectral measure 
for ^(2/)* jg ^YiQ spectral measure for Ai_i but with a shift by one. 



7.4 Graph S^^'^ 

The spectral measures for the graphs A^^\ V'^^''^ are measures of type dp/2 x dp/2, J'^dp/2 x 
dp/2, d*-^^ or J2(j(p)^ for p G N. However, we will now show that the spectral measure for 
£^^^ is not a linear combination of measures of these types. The exponents of S^^'^ are 

Exp = {(0, 0), (5, 0), (0, 5), (2, 2), (2, 1), (1, 2), (3, 0), (2, 3), (0, 2), (0, 3), (3, 2), (2, 0)}. 

Let u! = and A be the automorphism of order 3 on the vertices of J^^^ given by 

A(/ii,/i2) = (5 - /xi - /i2,Aii). For the eigenvalues = u;/?^ and = 

aJ/9^'^\ the corresponding eigenvectors are {y^ ,v^)^ {v'^,ujv^,uJv'^) and {v^,iJv^,iuv^) 
respectively, where the row vectors are given in [lU Table 17.3] (We normalize the 

eigenvectors so that W^jj^W = 1). Hence ijj^ = ipt^^"^ = ipt for A G Exp. With 9i = 
(Ai + 2A2 + 3)/24, 02 = (2Ai + A2 + 3)/24, we have 



A G Exp 


(^i,^2)e[0,lp 




ie^4J{0i,92) 


(0,0), (5,0), (0,5) 


n i\ n n\ ns i\ 

U'8/' V3'24/' V24'3y 


2-V2 

24 


3-2V2 


(2,2), (2,1), (1,2) 


U'8/' V24'3y' V3'24/ 


2+V2 
24 


3 + 2V2 


(3,0), (2,3), (0,2) 


fi 3\ m 5_\ n A.) 

V4' 8/' V24' 12/' V24' 24/ 


1 

12 


2 


(0,3), (3,2), (2,0) 


(3 1) (5 in (5 7\ 
V8' 4/' Vl2' 24/' V24' 24/ 


1 

12 


2 
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OJ. A ^ 11 is ]^ 2\ 1 
24 24 24 24 24 24 24 1 



Figure 14: The points (^1,^2) G {^(A)| A G Exp,ge S3} for ^(s). 



From (149|1 . 



(65) 



geSa AeExp 



Now the pairs (6'i, 6'2) given by (7(A) for A G Exp, g E S3, are illustrated in Figure [TH 
Consider the pairs (^1, 62) = (7/24, 8/24), (8/24, 13/24), (10/24, 11/24). For each of these, 
(001,002) = (e^'^*^^, e^'^*^^) G can only be obtained in the integral in fl65|) from either the 
product measure di2 x di2 on pairs of 24**^ roots of unity, or the uniform measure 
on the elements of ((7/24,8/24), (8/24,13/24), (10/24,11/24) are each in Ds, but 
none are in Dk for any integer k < 8). Since these points (001,002) cannot be obtained 
independently of each other, we must find a linear combination e' = ci^i + C2J'^E2 of 
measures, where Sj must be either di2 x di2 or d*^^-* for j = 1,2 (it doesn't matter at this 
stage which of the two measures we take Sj to be), such that the weight £'(e^'^*^^, e^'^*^^) is 
(2 + V2)/24 for (^1, Q2) = (7/24, 8/24), (2 - V2)/24 for (^1, 62) = (8/24, 13/24) and 1/12 
for (91,62) = (10/24, 11/24). Suppose for now that ei = 62- Then we must find solutions 
Ci, C2 G C such that 



Solving the first two equations we obtain ci = C2 = 1/48. However, substituting for these 
values into the third equation we get 1/48 + 2/48 = 1/16 7^ 1/12, hence no solution exists 



We will now show that the spectral measure for is also not a linear combination of 
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n J- A ^ 1 

yJ 12 12 12 i 

Figure 15: The points (6'i,02) G {5'(A)| A G Exp, (7 G 5*3} for £{ '. The white circle 
indicates is the point (5/12,6/12). 



Computing the first entries of the eigenvectors, we have 

1^(0,0) |2 ^ 1^(9.0) |2 ^ 1^(0,9) |2 ^ (2 - v/3)/36, 
1^(4,4) |2 ^ 1^(4,1) |2 ^ 1^(1,4) |2 ^ (2 + V3)/36, 

whilst for the repeated eigenvalues, for the exponents with multiplicity two which we will 
label by (Ai, A2)i, (Ai, A2)2, we have 

|^(2,2).|2^ 1^(2,2). |2 ^ 1^(5,2). |2 = |2 + j^^). |2 = 2/9. 

With 01 = (Ai + 2A2 + 3)/24, 02 = (2Ai + A2 + 3)/24, we have 



A G Exp 


(^i,^2)e[0,l]2 


16^4 -''(^'l, 6*2) 


(0,0), (9,0), (0,9) 


/I i\ /7 i\ n 7\ 

U2' 12/' Vl2' 3/' V3' 12/ 


7-4v^ 
4 


(4,4), (4,1), (1,4) 


Vl2'12/' V3'4/' V4'3/ 


7+4^3 
4 


(2,2), (5,2), (2,5) 


(1 1) (± I) (I A.) 

\4' 4/' Vl2' 3/' V3' 12/ 


4 



Again, from P9|) . 

'^'^^ (?eS3 AeExp 

We illustrate the pairs {61,62) given by g{\) for A G Exp, g G 5*3, in Figure [TBI 
Consider the pairs (^1,^2) = (4/12, 7/12), (3/12, 5/12). For both of these, (u;i,cu2) = 
^g27riei^ g27rj6»2^ ^ ']p2 ^g^^^ only be obtained in the integral in (1671) by using either the product 
measure de x dg or the measure d*^^^ ((4/12, 7/12), (3/12, 5/12) are both in D4, but neither 
are in Dk for any integer A; < 4). With either of these measures, we will also obtain the 
point (e^'^*^/^^, g27r«6/i2'j ^YiQ integral ( |67j) . The corresponding pair (^1, 62) is indicated by 
the white circle in Figure [151 The point (e^'^*^/^^, e2'^*6/i2^ ^g^^^ ^jg^ Qj-^jy obtained by using 
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the measures de x de or Since these points (ti;i,ci;2) cannot be obtained independently 
of each other, we must find a hnear combination e' = CiSi + C2 J^£:2 of measures, where 
Ej must be either dg x dg or d^^^ for j = 1, 2, such that the weight e'(e^''*^^, e^'^*^^) is (2 — 
\/3)/36, (2 + y3)/36, for {61,62) = (4/12,7/12), (3/12,5/12), (5/12,6/12) respectively. 
Suppose for now that Ei = 62 (again, it doesn't matter at this stage which of the two 
measures we take ei, 62 to be). Then since J(5/12, 6/12)^ = 3/4, we must find solutions 
ci, C2 e C such that 

7-4v^ 2-73 7 + 4v^ 2 + v^ 3 ^ 

Ci H C2 = , Ci H C2 = , Ci H — C2 = U. (08) 

4 36 4 36 4 ^ ^ 

However, no solution exists to the equations fl68p . and so the spectral measure for £f ^) IS 
not a linear combination of measures of type dp/2 x dp/2, J^dp/2 x dp/2, d*^^-* or J^d*-^\ for 

p e N. 

8 Hilbert Series of q-- deformations of CY- Algebras of 
Dimension 3 

We will now introduce the Calabi-Yau and g-deformed Calabi-Yau algebras of dimension 
3, which are the S'[/(3) generalizations of the pre-projective algebras of Section WM For 
certain AT>£ graphs we will also compute the Hilbert series of the g-deformed CY-algebras 
of dimension 3. 

Let Q be an oriented graph, and C^, [C^, C^] be as in Section 15. 4[ We define a 
derivation da : C^/[C^, C^] CG by 

(9a (oi • • ■ a„) = Oj+i ■ ■ ■ a„ai ■ ■ ■ aj_i, 
j 

where the summation is over all indices j such that aj = a. Then for a potential $ e 
CQ/[CQ, CQ], which is some linear combination of cyclic paths in Q, we define the algebra 

A{cg,<^)^cg/{da<^}, 

which is the quotient of the path algebra by the two-sided ideal generated by the elements 
da^ G CQ, for all edges a of Q. We define the Hilbert series HA(t) as in Section [531 

If A{CQ, $) is a Calabi-Yau algebra of dimensions d > 3 and deg $ = ci, then [9l 
Theorem 4.6] 

Let r be a subgroup of SU (3). We do not concern ourselves here with the computation 
of the spectral measure of F, reserving that for a future publication [26]. However, we 
make the following observation. Let ^ : T'^ —>■ D he the map defined in fl36l) and suppose 
we wish to compute 'inverse' maps : D —>■ T"^ such that $ o = id, as we did for 
SU (2) in ( |T8|) . For z & D, we can write z = uJi+ uJ2^ + uJi^uJ2 and 1 = tUi^ + UJ2 + cuicj^^ 
Multiplying the first equation through by ui, we obtain zcui = ujf + cuicu^"'^ + 102- Then we 
need to find solutions ui to the cubic equation 

oof - zujI + ZUJI -1 = 0. (70) 
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Similarly, we need to find solutions u}2 to the cubic equation cuf — + zu}2 — 1 = 0, hence 
the three solutions for uj2 are given by the complex conjugate of the three solutions for 
oji. Solving flTOj) we obtain solutions = 0, 1, 2, given by 

= {z + + 2"''-k{z' - 3z)p-')/3, 

where = e^'^*^/^, 2^/^ takes a real value, and P is the cube root P = (27 — 9z'z + 2z^ + 
3^3^27 - 18zz + 4^2 + Az^ - z^z^/^ such that P G {re*^| < ^ < 27r/3}. For the roots 
of a cubic equation that it does not matter whether the square root in P is taken to be 
positive or negative. We notice that the Jacobian J appears in the expression for P as 
the discriminant of the cubic equation (jTOl) . 

We now consider the Hilbert series for F. For the McKay graph Q-p one can define a 
cell system W as in [31], where W{Aijk) is a complex number for every triangle Aijk on 
Qr whose vertices are labelled by the irreducible representations i, j, k of F. We introduce 
the following potential 

$P= ^ W{A,,k)-A,,k eCGr/lCgrXQr]. 

Then dividing out C^r by the ideal generated by 5a $r for all edges a of ^r, by [3T| 
Theorem 4.4.6], y4(C^r,$r) is a Calabi-Yau algebra of dimension 3, and the Hilbert 
series is given by ( l69i) . 

Theorem 8.1 Let V he a finite subgroup of SU(?>),{pq = id, pi = p, p2, • • • ,Ps} its irre- 
ducible representations and Qr its McKay graph. Then if Ps,pj is the Molien series of the 
symmetric algebra S of , and H{t) is the Hilbert series of A{CQr,^r), 

Proof: Let F be a subgroup of SU{3) with irreducible representations pj, j = 1, . . . ,s, 
where po = id is the identity representation and pi = p the fundamental representa- 
tion. The fundamental matrices Ap, Ap defined by p ® Pi = X]j=o(^r )i,jPj, p ® Pi = 
EU(^rkjPj, satisfy, by [321 Cor. 2.4(i)], 

s 

(-(Ar)p.p.^ + (Ar)p„P.^') ^5,p,(t) = "(1 - t')PsAt) + ko, 

3=0 

SO we have 

s 

Y,{h.,P,-i^r)p„p,t + {A'[),^,p/-l,^,p/)Ps,p^{t) = 6,,o 

j=0 

X:(l-(Ar)t+(AF)t2-lt^)^^,^^P5.p,(t) = 5,0. 

j=0 

Then {Ps,pjit)) ^ is given by the first column of the inverse of the invertible matrix 
(l - (Ar)t + (Af - 1^3) ^ that is, 

Ps,pM = ((1 - (Ar)t + (A^)t^ - It')-') = H,^,,,. □ 
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For the AVS graphs, we define a potential $ by 



$ = ^ w{A,^k) ■ A,,fc G cg/[cg, eg], 



where the Ocneanu cells W{Aijk) are computed in [223 • '^^^ Hilbert series for the q- 
deformed A{Cg, $) is given by 

where P is the permutation matrix corresponding to a Z/3Z symmetry of the graph, and 
h is the Coxeter number of g. 

The permutation matrix P is an automorphism of the underlying graph, which is the 
identity for ^(")*, n > 5, £^^>, 8[^'^\ I = 1,2,4,5, and £^-^^\ For the remaining 

graphs, let V be the permutation matrix corresponding to the clockwise rotation of the 
graph by 27r/3. Then 



P 



V for > 4, and £^^\ 

y2n P(")*,n>5. 



The numerator and denominator in (I7T!) commute. To see this note that QAg = AgQ 
and QA^ = AgQ, since Q is a permutation matrix which corresponds to a symmetry of 
the graph g. The proof of (ITTl) will appear in [26]. 

In the SU{2) case, the permutation matrices P appearing in the numerator of HA{t) 
corresponded to the Nakayama permutation of the Dynkin diagram. The above claim 
then raises the question of the relation between the automorphisms which appear in the 
numerators of the expressions for HA{t) with Nakayama's automorphisms. 
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